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Currently, due to very high cost risk, utilization of space remains at low level. If the reduction is of order of 
one-tenth, space transportation demand is expected to increase dramatically. Rocket engines are mainstream of 
current space transportation system, but its low specific impulse result in bad cost performance. On the other hand, 
a scramjet engine uses ambient air, i.e., reducing the amount of onboard O2, so that specific impulse is much higher 
than rocket engines, providing sufficient weight margin to realize fully reusable launch vehicles. At low Mach 
number, thermal choking could occur due to heat release within the scramjet combustor, then supersonic incoming 
flow was decelerated to subsonic by ‘pseudo-shock wave system’(PSW) at downstream of the injector to allow 
more heat release. As a result, pressure-rise increases the thrust in the combustor. This ‘ramjet-mode operation’ 
has the possibility to further improve operability of a scramjet engine at lower flight Mach number, especially in 
the acceleration phase. However, the PSW may cause engine unstart if the PSW penetration reaches engine intake, 
so that prediction of pressure-rise due to heat release and the PSW penetration length are very important to design 
the scramjet combustor with the optimal ramjet-mode operation. For producing a higher thrust, a diverging 
combustor is more appropriate than a constant-area combustor because a further amount of fuel can be injected.  
In addition, a diverging combustor can effectively convert pressure-rise on the diverging surface into thrust.  
However, high thrust production is not compatible with high specific impulse. Controlling choking location in the 
diverging combustors is required for balancing the optimum thrust production and optimum impulse function.  
Therefore, engine performance prediction model is required for optimization of the ramjet-mode operation. For 
system analysis level, one-dimensional calculation is still useful for performance prediction because three-
dimensional computational fluid dynamics (CFD) takes too much times and resources. 
With thermal choking occurring in the diverging combustor, the calculation is to find out a singular solution, 
where the subsonic flows at injector location accelerate by heat release overcoming deceleration by area divergence, 
then behind thermal choking location, the supersonic flows further accelerate by area divergence overcoming 
deceleration with heat release. Combustion efficiency distribution should be variable in accordance with fuel 
injector location and conditions, so that the thermal choking location should be set as arbitrary in the prediction 
model. To predict the flow states at the ramjet-mode operation in the diverging combustor, the airflow states behind 
the PSW and heat release (i.e., combustion efficiency) distribution should be provided. However, the two relation 
has not established. Major objective of this study is to propose a simple one-dimensional model (denote as ‘ramjet-
mode model’) for combustor performance prediction at the ramjet-mode operation of diverging scramjet 
combustors applicable for different fuels such as H2 and hydrocarbon. Sub objectives are to propose the two 
following models for prediction at the ramjet-mode operation; 1) the relation between the PSW penetration and 
pressure-rise applicable in the diverging ducts and 2) the combustion efficiency distribution in the streamwise 
direction with H2-fuel and hydrocarbon-fuel.  
In chapter II, experimental apparatus, measurements and data reduction method are described. Mixing- and 
combustion tests were conducted in Kakuda Space Center, JAXA. The scramjet combustor was directly connected 
to a blow down-type wind tunnel facility without or with a vitiated air-heater. Combustion efficiency distribution 
was evaluated by one-dimensional analysis. Under assumption that local skin friction in the PSW region was zero, 
and that enthalpy conservation was violated in the PSW region, uncertainty of combustion efficiency deduction by 
quasi-one-dimensional analysis was about 5 % at the exit of the combustor. 
In chapter III, ramjet-mode model is described in detail. To construct the ramjet-mode model, two sub-models 
should be provided, 1) for the pressure distribution prediction within the pseudo-shock wave system (PSW) to 
deduce the flow states with assumed pressure, and 2) for the combustion efficiency distribution prediction in the 
 
streamwise direction. The relation between the PSW penetration length and pressure-rise in the diverging 
combustors applicable to the ramjet-mode model, was investigated. From the experimental results in the diverging 
combustors, the pre-proposed PSW correlation for the constant cross-sectional area ducts was modified. From the 
experiments, the correlation between the PSW penetration length and pressure-rise agreed within 21% with 
experiments in the half-diverging and diverging combustors. Using the PSW correlation and giving the combustion 
efficiency distribution deduced from experiments, the ramjet-mode model could predict the penetration length and 
the peak pressure within 6.5 %, though about 10 % under-estimation of the pressure distribution in the second half 
region of the PSW could occur. 
In chapter IV, the base-model to predict the combustion efficiency distributions of H2 fuel was proposed. In 
this base-model, it was assumed that the reaction delay was negligible, so that combustion efficiency was equal to 
mixing efficiency. Modification of so-called NASA recipe is conducted to predict the H2 combustion efficiency 
distribution in the diverging combustors. Although combustion efficiency distribution at downstream of the 
thermal choking location was over-estimated in the half diverging combustor in some cases, the c distribution 
base-model could predict the combustion efficiency distributions within about 10% in the half-diverging 
combustor and the diverging combustor. Using the PSW correlation and combustion efficiency distribution base-
model, the pressure distribution was predicted at the ramjet-mode operation with H2 injection at various streamwise 
locations in the half-diverging combustor. The predicted pressure distributions were in good agreement with the 
experimental results. A 10% discrepancy of combustion efficiency distribution would affect prediction accuracy 
of the PSW penetration length, the peak pressure and thrust increment by 20 % , 6 % and 9%, respectively. 
In chapter V, applicability of the model for combustion efficiency distribution with hydrocarbon fuel was 
investigated. By modification of the mixing length with equivalence ratio of unity and the increasing rate of mixing 
efficiency against equivalence ratio, the proposed modified prediction model termed as the c distribution 
modified-model, could predict hydrogen and hydrocarbon fuel combustion efficiency distribution with error range 
of ±5% and ±10%, respectively. Note that predicted distributions around the injector might suffer a larger error. 
Also note that, sizable discrepancies between the predictions and the measurements were observed in some limited 
cases. As the result of calculating the reaction delay time, the effect of reaction delay on combustion efficiency 
was small with not only in H2 fueled case, but also in C2H4 fueled case at the ramjet-mode operation. The ramjet-
mode model (used the PSW correlation and the modified combustion efficiency distribution model) could predict 
the thrust increment by combustion within 12% at the ramjet-mode operation in hydrocarbon-fueled case. The 
PSW penetration length was predicted within about 15%. For more accurate prediction for thrust increment and 
pressure distribution in the hydrocarbon-fueled case, more accurate prediction of combustion efficiency 
distribution was required especially at the downstream of thermal choking location. 
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a0, a1, …a6 = constant coefficient 
A = cross-sectional area 
Aequiv = combustor cross-sectional area per one injection orifice 
Ainj = cross-sectional area at injection location 
Awet = wet area 
b0,b1,…b4 = constant coefficient 
Cd = discharge coefficient 
Cf = skin friction coefficient 
CH = Stanton number 
Cmix, C
*
mix = the coefficient for complete mixing 
Cp = Specific heat at constant pressure 
𝐶𝛿 = constant coefficient 
D = hydraulic diameter 
d = orifice diameter 
dequiv = equivalent orifice diameter 
E = expansion ratio 
Ffri = skin friction 
Fth = thrust 
g = acceleration of gravity 
G = mass flux 
H = enthalpy 
Hinj = vertical gaps between injectors  
Isp = specific impulse 
J = dynamic pressure ratio 
IF = impulse function 
K = recovery ratio 
Linj = streamwise distance from injector 
LR = reaction delay length 
m = mass flow rate 
n = number of moles 
N = constant number 
M = Mach number 
Mc = convective Mach number 
Mw = molecular weight 
ΔPloss = total pressure loss 
Ps(Pw), Pt = static(wall) pressure, total pressure 
Ppitot = Pitot pressure 
 
Pr = Prandtl number 
Q = the amount of heat release by combustion 
Qw = heat transfer 
Taw = wall adiabatic temperature 
Tref = reference standard temperature 
tR = total reaction delay time 
Ts, Tt = static temperature, total temperature 
Tw = wall temperature 
R = gas constant 
Red = Reynolds number based on diameter 
Rex = Reynolds number based on streamwise length 
Reθ = Reynolds number based on boundary-layer momentum thickness 
Sinj = spacing between injectors 
V = velocity 
W = weight 
x = streamwise distance from diverging onset 
X = mole fraction 
XPSW = Streamwise distance from the PSW origin 
xl = complete mixing length with equivalence ratio of unity 
y = spanwise direction 
Y = mass fraction 
z = height-wise direction 
 (+ −) = inclination of mixing efficiency against equivalence ratio (fuel rich or lean) 
 = blending ratio of C2H4 and CH4 
'  = local equivalence ratio, equivalence ratio 
 = heat specific ratio 
ε = variable in Eq. (3.20) 
am = averaged mixing efficiency 
c = combustion efficiency 
m = mixing efficiency 
 = mass flux ratio 
 = momentum thickness 
 = viscosity coefficient 
 = density 
 = molecular weight ratio 
 = variables 
Subscripts   
* = choked 
1 = combustor entrance ( facility nozzle exit)  
 
2 = region without pseudo-shock wave system 
3 = region with pseudo-shock wave system 
4 = downstream of fuel injector 
5 = exit of combustor 
a = airflow 
cold = cold airflow 
comp = compressible 
f = fuel 
He = helium 
H2 = hydrogen 
imcomp = incompressible 
k = mixed gas species 
mix = (injectant/air) mixed gas 
O2 = oxygen 
ori = orifice 
r = reactant 
down = orifice upstream of sharped-edged orifice flowmeters 
hot = hot airflow 
i = injectant 
inert = inert gas 
p = product 
st = PSW origin 
throat = facility nozzle throat 
up = orifice upstream of sharped-edged orifice flowmeters 








 Currently, due to very high cost risk, utilization of space remains at low level.  A halfway 
reduction of current space transportation costs is not expected to significantly increase space 
transportation demand, but if the reduction is of order of one-tenth or less, space transportation demand 
is expected to increase dramatically [1-1].  Rocket engines are mainstream for current space 
transportation system, a reusable rocket being developed to reduce the cost of space access.  Space 
Exploration Technologies Corp. (SpaceX) focused on the high cost of rocket production, and is aiming 
for a fully reusable rocket with short term-around time.  In March 2017, they achieved the booster stage 
portion of the rocket successfully landed on a drone ship stationed in the ocean [1-2].  Though this 
technology will contribute cost reduction of the rocket engine, the effect on cost reduction is announced 
to be limited to about 30~50%.  One of the technical deficits of the rocket engines to make the whole 
launch vehicle reusable is their low specific impulse.  Specific impulse ( Isp ) is defined as the generated 








where g is acceleration of gravity, ∆𝑉  is the maximum velocity change of the vehicle, 
𝑊𝑖𝑛𝑖𝑡𝑖𝑎𝑙  and 𝑊𝑓𝑖𝑛𝑎𝑙 are the initial and final weight, respectively.  A rocket must carry its propellant 
(fuel and oxidizer) so that unburnt propellant should be accelerated along with the rocket itself.  For 
current space transportation system, the maximum Isp is about 450s in the case with using liquid H2 and 
liquid O2.  With this number, more than 80% of the takeoff weight should be propellant to accelerate 
the vehicle to the orbital speed, and measures to make the vehicle fly-back bring lowered vehicle 
performance such as less payload percentage than expendable vehicles. 
 On the other hand, an air-breathing engine uses ambient air, i.e., reducing the amount of onboard 
oxidizer, so that specific impulse is much higher than rocket engines.  Among this air-breathing engine, 
the supersonic combustion ramjet (scramjet) engine can be used in the hypersonic flight.  Figure 1.1 
shows specific impulse of air-breathing and rocket engines against the flight Mach number [1-3].  
Specific impulse of scramjet engines is higher than that of the rocket engines in the flight Mach number 
range of about 5~15 with H2-fuel and about 5~10 with hydrocarbons-fuel.  Thus, the scramjet engine 
is now under research and development in various countries for use this advantage for next-generation 
space transportation system [1-4]. 
 Figure 1.2 shows schematic diagram of a scramjet flow-pass at scramjet- and ramjet-mode 
operations.  A scramjet engine consists of inlet, isolator, combustor and nozzle, while it does not have 
a mechanical throat at the combustor exit for choking.  However, the scramjet engine can also operate 
in the ‘ramjet-mode’.  In the scramjet-mode operation, the incoming supersonic flow is not decelerated 
to the subsonic in the compression section.  With increasing fuel mass flow rate (i.e., increasing 
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equivalence ratio) at low Mach number, thermal choking occurred at downstream of the injector due to 
heat release.  With more heat addition, the supersonic incoming flow should be decelerated to subsonic 
by shock waves at upstream of the injector, so that reduced total pressure loss (through friction loss 
reduction, for example) would allow further heat release without violation of mass conservation 
(violation would result in so-called engine unstart).  As a result, pressure-rise increases the thrust in 
the diverging surface.  This ramjet-mode operation has the possibility to further improve operability of 
a scramjet engine at lower flight Mach number, especially in the acceleration phase. 
 In the ramjet-mode operation, the generated shock wave at upstream of injector is interfered with 
the boundary layer, resulting in generation of ‘pseudo-shock wave system’ (its term was varied with 
researchers, but we referred to the definition of ‘pseudo-shocks’ [1-5] by Matsuo et al. in this study).  
In the following, the pseudo-shock wave system was denoted as ‘PSW’.  Figure 1.3 shows typical 
pressure distribution along duct centerline and wall surface in a constant area duct with the PSW [1-5]. 
The PSW plays a very similar role to a single normal shock wave, but the PSW has a substantial length 
in the streamwise direction.  The PSW consists of a shock-train region and a mixing region, having an 
advantage of reducing skin friction due to a separation region inside the PSW [1-6, 1-7].  
 The increase in fuel flow rate and consequent increase in combustion pressure are beneficial 
especially in accelerating flight.  Conversely, with pressure-rising (i.e., thrust increase), the PSW 
penetration length increased, then an engine unstart occurs when PSW penetrated the inlet section.  
Thus, prediction of pressure-rise due to heat release and the PSW penetration length are very important 
to design the dual-mode combustor with optimal ramjet-mode operation. 
 Although having thermal choking within a constant cross-sectional area combustor downstream of 
the compression section should result in best efficiency with highest compression in the engine, having 
thermal choking within a diverging combustor is further appropriate for acceleration flight because a 
further heat release is available without engine unstart transition as it occurs within a bigger cross-
section.  In addition, it is reported that loss in thrust due to expansion before heat release (thermal 
choking) could be recovered effectively within a diverging combustor [1-8].  However, high thrust 
production is not compatible with high specific impulse.  One-dimensional analysis at ramjet-mode 
operation in diverging combustors showed that further downstream injection resulted in a further thrust 
production and a further fuel flow rate requirement to attain thermal choking, and a lesser specific 
impulse [1-9].  Therefore, controlling thermal choking location is required for system optimization.  
 For controlling the thermal choking location, some ideas to change the combustion schedules (e.g., 
changing injector location and changing injection scheme) were proposed.  However, the performance 
prediction model taking diverging combustor geometry into account is not established.  For system 
optimization of the ramjet-mode operation, a handy prediction model of engine performance is essential, 
while three-dimensional computational fluid dynamics (CFD) takes too much times and resources.  
Additionally, simulation of such complicated flow field, especially flow separation to form the shock 
train and combustion to cause thermal choking, is still beyond the current CFD capacity.  Thus, one-
dimensional calculation is still useful for performance prediction, especially for system analysis level. 
In the prediction model, fuel injection location, scheme and the flow rate should be changeable. 
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Not only that, fuel type also should be changeable.  Selection of fuels such as H2 and hydrocarbons 
depends on vehicle requirement, so that a model with an arbitrary fuel type is more versatile. 
 
 










Figure 1.3 Typical pressure distribution along duct centerline and wall surface in constant area duct 
with PSW [1-5]. 
 
 
1.2 Research Review and Motivation 
1.2.1 Requirements for Predicting Flow States at Ramjet-Mode Operation 
Recently, quasi-one-dimensional performance prediction models have been proposed for 
calculating thrust performance at ramjet-mode operation in constant cross-sectional area combustor case.  
Torrez et al. studied on quasi-one-dimensional performance predictions for the thermal choking 
condition [1-10, 11].  In their method, they modeled the PSW with the core-flow compressed with the 
flow tube squeezed by flow separation zone.  However, this model did not match with previous finding 
that rather uniform subsonic flow was observed in prior to combustion zone at the ramjet-mode 
operation [1-12].  In addition, their numerical technique to deal with thermal choking needed 
identification of choking location (e.g., the exit of constant area combustor in their case), which was not 
available in the diverging combustor case with varying incoming flow conditions with vehicle 
acceleration.  
With thermal choking occurring in the diverging combustor, the calculation is to find out a singular 
solution [1-11], where the subsonic flows at injector accelerate by heat release overcoming deceleration 
by area divergence, then behind thermal choking location, the supersonic flows further accelerate by 
area divergence overcoming deceleration by heat release.  Combustion efficiency distribution should 
be variable in accordance with fuel injector location and conditions, so that the thermal choking location 
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should be set as arbitrary in the prediction model. 
Tian et al. have proposed a through technique to predict pressure distribution within the diverging 
combustor [1-13].  They applied the empirical formula to predict the PSW penetration length within 
the diverging duct [1-14, 15], by setting 10% of pressure-rise was due to divergence, while this number 
was not rationalized in their study.  Also, they applied ‘uniform heat release’ model to simulate heat 
release enabling easier determining of the thermal choking location, while logarithmic variation would 
rather be expected in real combustors [1-16].  Therefore, to predict flow states at the ramjet-mode 
operation in the diverging combustors, the airflow states behind the PSW and heat release (i.e., 
combustion efficiency) distribution must be identified. 
 
1.2.2 Modeling of Pseudo Shock Wave System 
Many researches have conducted for modeling of the PSW from mainly non-reacting experiments 
because the PSW can be generated by the throttling effects due to injection or mechanical valve closing.  
Waltrup and Billig proposed an empirical formula for pressure distribution of the PSW within constant-
area cylindrical ducts [1-14, 15].  Then modified version of the empirical formula for rectangular ducts 
was proposed by Sullins et al. [1-17], working reasonably well for to express the PSW pressure 
distribution up to 80% of the maximum pressure-rise.  Bement et al. reported [1-18] that pressure 
distribution in combustion tests for constant cross-sectional area ducts was in good agreement with the 
empirical formula by Waltrup and Billig [1-15], although uncertainties in parameters such as Mach 
number and boundary layer momentum thickness resulted in a significant spread of predicted pressure.  
However, their empirical formula was for the constant cross-sectional area ducts; whether it could be 
applied to the diverging duct case was unknown.  Tomioka et al. indicated that the PSW penetration 
length in diverging ducts was shorter than that in constant cross-sectional area ducts [1-19].  Ikui et al. 
applied their diffusion model for the constant cross-sectional area ducts to predict the PSW pressure 
distribution in the diverging ducts [1-20], but their magic number for calculating static pressure in the 
PSW was not rationalized in their study.  Therefore, the prediction modeling applicable for the PSW 
in the diverging ducts is not established. 
 
1.2.3 Modeling of Combustion Efficiency Distribution 
Generally, combustion is related to fuel/air mixing and reacting.  With fast chemistry, because the 
reaction delay was negligibly small, combustion efficiency was almost equal to mixing efficiency, which 
is defined as the ratio of fuel that is available for combustion to the amount of that was injected [1-16, 
21].  Mitani et al. showed that once enough pressure-rise was attained in both ramjet- and scramjet-
mode operations, fast chemistry situation was established as a result of H2 combustion tests in a dual-
mode scramjet engine model [1-22].  Therefore, combustion efficiency distribution can be deduced 
from mixing efficiency distribution as fast chemistry situation is usually expected. 
Researches on fuel jet and airflow mixing have been conducted, and some dominant parameters 
related to mixing have been proposed.  Mass flux ratio was often regarded as the dominant parameter 
for mixing length of parallel-injected fuel jet.  Zakkay et al. showed that square root of mass flux ratio 
６ 
 
(√𝜆 ) governed the mixing length from results of mixing test with the parallel fuel injection [1-23].  
Birzer et al. also used √𝜆 to deduce mixing length for strut-injected parallel fuel jet [1-24].  On the 
other hand, dynamic pressure ratio (J) was reported to govern mixing in perpendicular injection case. 
Rogers expressed H2 mixing efficiency as a function of the dynamic pressure ratio [1-25].  Nagatomi 
compared mixing efficiencies at several streamwise locations under identical 𝑑√𝐽 in the He-cold air 
mixing tests in presence of the PSW [1-26].  However, Nagatomi also showed that mixing efficiency 
was significantly affected by perpendicularly injected jet plume interference with opposite-side wall [1-
26].  Therefore, combustor geometry and injection location influenced mixing efficiency. 
 Northam et al. and Diskin et al. proposed interesting empirical equations (so called ‘NASA recipe’) 
of H2 mixing efficiency distribution by using equivalence ratio [1-16, 21].  In this model, length for 
complete mixing was defined as 60 times the combustor height with equivalence ratio of unity, and then 
the mixing length was shortened for fuel rich or lean combustion cases.  However, there is a limitation 
in the combustor geometry to which this mixing efficiency model could be applied, so that it is unknown 
that NASA recipe could predict the mixing efficiency (and consequently, combustion efficiency in the 
fast chemistry case) distribution in other combustor geometries. 
In the hydrocarbon fuel case, two major issues should be addressed as 1) the reaction delay might 
not be negligible, and 2) effects of fuel / jet properties on mixing characteristics should be taken into 
account.  Tomioka et al. showed the ignition delay affect the combustion efficiency distribution with 
H2 injection in the 6.2 degrees diverging combustor at Mach 6 flight conditions [1-27], as the rapid 
expansion caused ignition delay.  Colket et al. showed that the ignition delay times (initial rise of OH 
emission) with hydrocarbon was CH4 > JP-10 > C2H4 > H2 [1-28].  Therefore, reaction delay would 
affect combustion efficiency with hydrocarbon case.  Also, injectant molecular weight was reported to 
affect jet behavior in some aspects [1-29], so that these effects might be taken into account to modify 
the mixing efficiency model. 
Judging from the previous findings, some effective parameters for correlating mixing 
characteristics were found.  However, such model of combustion efficiency distribution was not 
applicable for various types of fuel such as H2 and hydrocarbon. 
 
1.3 Objectives and Overview 
Main objective of this study is to propose a simple one-dimensional model (denote as ‘ramjet-mode 
model’) for combustor performance prediction at the ramjet-mode operation of diverging scramjet 
combustors applicable for different fuels such as H2 and hydrocarbon.  Sub objectives are to propose 
the two following models for prediction at the ramjet-mode operation; 1) the relation between the PSW 
penetration and pressure-rise applicable in the diverging ducts and 2) the combustion efficiency 
distribution in the streamwise direction with H2-fuel and hydrocarbon-fuel.  
Here, this dissertation consists seven chapters.  In this chapter, it was shown that the ramjet-mode 
operation of dual-mode combustors is expected to improve vehicle performance in the acceleration 
phase, and then controlling choking location in diverging combustors is required for balancing the 
optimum thrust production and optimum impulse function.  It was also shown that objectives of the 
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present study are to propose the simple one-dimensional model for combustor performance prediction 
at the ramjet-mode operation of the diverging dual-mode combustors. 
In chapter II, experimental apparatus, measurements and data reduction method are described.  In 
the present study, mixing- and combustion tests were conducted in Kakuda Space Center, Japan 
Aerospace eXploration Agency (JAXA). 
In chapter III, the proposed ramjet-mode model is described in detail.  The ramjet-mode model 
needs two relations: a relation between pressure-rise and the PSW penetration length, and H2 and 
hydrocarbon combustion efficiency distributions.  The relation between the PSW penetration length 
and pressure-rise in the diverging combustors applicable to the ramjet-mode model, was investigated.  
From the experimental results in the diverging combustors, the pre-proposed PSW correlation for the 
constant cross-sectional area ducts was modified. 
In chapter IV, the base-model to predict the combustion efficiency distributions of H2 fuel was 
proposed.  In this combustion efficiency distribution base-model, it was assumed that the reaction delay 
was negligible, so that combustion efficiency was equal to mixing efficiency.  Modification of the 
NASA recipe [1-16] is conducted to predict the H2 combustion efficiency distribution in the diverging 
combustors.  Finally, by using the PSW correlation and the combustion efficiency distribution base-
model, pressure prediction by the ramjet-model model was compared with the experimental results with 
H2 injection in the diverging combustors for validation of the prediction method. 
In chapter V, applicability of the model for combustion efficiency distribution with hydrocarbon-
fueled case was investigated.  For understanding the effects of fuel type on mixing, at first, combustion 
test results in the 3.0 degrees half-diverging combustor with different types of fuel (H2, C2H4, and 
C2H4+CH4 mixed gas) are compared.  Then, for understanding the effects of reaction on conversion of 
mixing efficiency to combustion efficiency, the reaction delay time was evaluated.  Finally, the 
combustion distribution modified-model was proposed. 
In chapter VI, major findings in the present study were concluded. 
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Experimental Apparatus and Measurements 
This chapter shows the experimental apparatus of mixing tests and combustion tests. All tests were 
conducted in Kakuda Space Center, JAXA.  Then measurements and data reduction methods are 
described. 
2.1 Test Facility 
2.1.1 Air Supply System and Vitiation Air Heater 
Figures 2.1(a) and 2.1(b) show schematic diagrams of wind tunnels with and without the vitiated 
air heater.  In the present study, two blow down type wind tunnels were used.  One wind tunnel 
without vitiated air heater in Fig. 2.1(a) consisted of a compressor (YD4-220, Kaji Tech. Co., Ltd.), 
dehumidifier, and air tanks (13.3m3 per a tank).  Air supplied pressure was regulated to the targeted 
pressure by adjusting flow control valve opening.  During the experiment, the flow control valve 
opening was manually adjusted to prevent a drop in the targeted pressure due to tank pressure drop.  
Then, a noncooled Mach 2.5 facility nozzle was connected, its rectangular throat area being 17.3×94.3 
mm2 (𝐴𝑡ℎ𝑟𝑜𝑎𝑡) and the exit area being 51.0×94.3 mm
2. 
Another wind tunnels in Fig.2.1(b) consisted of the compressor, dehumidifier, and an air tank (6.5 
m3).  Airflows were choked at a venturi orifice, which could change the diameter, to supply the targeted 
flow rate regardless of downstream conditions.  Then, a water-cooled Mach 2.5 facility nozzle was 
connected, its throat area and exit area being same as the mentioned noncooled facility nozzle.  This 
wind tunnel also had a vitiated air heater by burning H2 with O2 compensation, which could provide 
high enthalpy flows corresponding to combustor entrance flows during hypersonic flight.  The burnt 
gas was ‘vitiated’ because it included water vapor generated from H2 combustion. In the following, the 
pure airflows (not using air heater) and the vitiated flows were denoted as ‘cold’ airflow and ‘hot’ airflow, 
respectively.  Homogeneity of hot airflows was confirmed from gas sampling at the facility nozzle exit. 
The relative error of O2 fraction was within 2.5 % in the case with total pressure of 1.0 MPa and total 
temperature of 2000 K.  In addition, H2 was not detected in the sampled gas, showing that H2 was 
completely burnt at the facility nozzle exit.  In this study, the relative error of O2 fraction was same as 
the case with total pressure of 1.0 MPa and total temperature of 2000 K, and H2 was completely burnt 
at the facility nozzle exit in the other airflow conditions.  Note that generated vapor could not be 
detected in the present gas analysis, so that vapor fraction was estimated by the following procedure; 
1) Injected O2 normalized by injected N2 (injected O2 ratio) was obtained from mass flow rates of air 
and O2.  
2) Detected O2 normalized by detected N2 (detected O2 ratio) was obtained from sampled gas analysis. 
3) Consumed O2 by N2 was obtained by gaps between injected O2 ratio and detected O2 ratio. 
4) Generated H2O/N2 was twice of consumed O2/N2, then the generated vapor being obtained from 
product of H2O/N2 and injected N2. 
In the case with supplying hot airflows, H2 and O2 gases were separately stagnant at each manifold, 
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then they were supplied to the combustion chamber through choked orifices.  In the present study, H2 
was injected from six choked orifices with each diameter of 1.70 mm, while O2 was injected from eight 
choked orifices with different diameter (averaged effective diameter of 2.57 mm) for mixing uniformly 
in the combustion chamber [2-1]. 
 
 
a) Wind tunnel without vitiated air heater. 
 
 
b) Wind tunnel with vitiated air heater. 
Figure 2.1 Schematic diagrams of wind tunnels. 
 
2.1.2 Injectant Supply System 
Figure 2.2 shows the schematic diagram of injectant (H2, C2H4,C2H4+CH4, He, N2, and Ar) supply 
system.  Pressure-regulated injectant gas was supplied to the orifice flowmeter, and then injectant mass 
flow rate was adjusted by the plural flow restrictors.  The injectant mass flow rate in a test sequence 
could be changed by switching the stopping valve at upstream of each flow restrictor. 






adjusting the partial pressure, then blended them by circulating them using a gas booster (AGD-15, 
Haskel inc.).  After blending for about more than one hour, blending ratio was checked by gas 
chromatography.  In the present study, three types of blending ratio were used: C2H4:CH4= 3:1, 1:1 and 




Figure 2.2 Schematic diagram of the injectant supply system. 
 
2.1.3 Test Configurations and Test Conditions 
2.1.3.1 Test Configuration in Nonreacting Tests 
Figures 2.3(a) and 2.3(b) show the schematic diagram and photograph of the test configuration in 
nonreacting flows, respectively.  A constant area duct was directly connected to the exit of the Mach 
2.5 facility nozzle.  To prevent PSW penetration to the facility nozzle, an isolator section with its length 
of 470 mm was added.  In addition, a duct with four wedges being placed on its corners was added to 
stabilize the PSW onset as shown in Figure 2.4.  Constant area section had a window, so that we could 
insert the gas sampling probe at 75 mm and 185 mm downstream of the injector.  Objective pressure-
rise was generated by adjusting a mechanical valve opening, as shown in Figures 2.5(a) and 2.5(b).  A 
settling chamber was added to relieve asymmetry of flow at the mechanical valve, as shown in Figure 
2.5(c).  The test section had the pressure taps (its diameter of 0.5 mm) in the streamwise direction for 


























































2.1.3.2 Test Configuration in Reacting Tests 
 Figures 2.6(a) and 2.6(b) show the schematic diagram and photograph of the test configuration in 
reacting tests in the case with injection at constant area ducts.  This configuration was also used in the 
case with He-hot flow mixing tests.  Compared to the test configuration in nonreacting tests shown in 
Fig. 2.3(a), the isolator section was 260 mm longer, but wedges were removed.  In the reacting case, 
the gas sampling probe could not be inserted because gas sampling probe needed to be cooled to prevent 
the burnout and the result probe had large cross-section to cause choking.  Thus, the probe was settled 
at the exit of combustor section.  The sampling locations in the reacting tests were 75 mm and 185 mm 
(i.e., probe was set at the exit of combustor) downstream of the injector, these locations being as same 
as sampling locations in the nonreacting tests shown in Fig. 2.3(a). 
 Figures 2.7(a) and 2.7(b) show the schematic diagrams and photograph of the test configuration in 
reacting tests in the case with injection at half-diverging ducts.  A 600 mm diverging area section, 
which had 3.0 degree diverging only on one side, was added at downstream of a 540 mm long isolator.  
There were wall injectors installed within the diverging area section on both the diverging and constant 
sides.  Streamwise locations of injectors were 75 (P1), 225 (P2), 375 (P3) mm from onset of the 
diverging area section, respectively, as the arrows shown in Fig. 2.7(a).  An injector had four circular 
orifices, each orifice diameter ( d ) being 3.0 mm.  The spanwise interval of the orifices was 20 mm, 
while the outer orifice center to sidewall spacing was 17.15 mm.  In this study, each injectant was 
choked at each orifice to keep the same flow rate.  The mean discharge coefficients of the injector were 
0.89 (H2), 0.83 (C2H4), 0.81 (C2H4+CH4), 0.85 (He), 0.87 (N2), and 0.83 (Ar), respectively.  The 
windows for installing injector also could install the block with the taps for measuring wall pressure and 
wall temperature.  The upstream portion of the diverging area section had the window for installing a 
quartz glass, so that the inside of the combustor was monitored by the video camera ( HDR-CX680, 
SONY Corp.) . 
Additionally, previous experimental findings at ramjet-mode operation were used [2-2], where H2 
was injected from 2.5 mm×4 injectors in diverging combustors on both sides.  As shown in Figure 
2.8, test configuration of the previous combustor consisted of constant area section (295 mm) with 
2.0mm steps, and the diverging combustor section.  The diverging half angle was basically 3.1 degrees, 
the upstream portion of diverging combustor being replaceable with 1.55- or 6.2 degrees diverging ducts. 
Note that 50 mm upstream portion of 3.1 degrees diverging duct and the 300 mm downstream portion 
of 3.1 degrees diverging duct were always used for tests in 1.55- and 6.2 degrees diverging ducts due to 
facility limitation.  The diverging section length was different because the cross-sectional area at the 



























Figure 2.8 Schematic diagram of test configuration in reacting tests (diverging at both sides) [2-2].  
The half-diverging angles were 1.55, 3.1 and 6.2 degrees. 
 
2.1.3.3 Test Conditions 
Test conditions were summarized in Table 2.1.  Repeatability of total temperature and total 
pressure in every tests were 1.3 % and 0.91 % at most.  In the following, 3.0 degrees half-diverging 
duct in Fig. 2.7 were denoted as ‘3.0-half-div.’, while the configurations with 1.55 (3.1 or 6.2) degrees 
diverging duct in Fig. 2.8 were denoted as ‘1.55 (3.1 or 6.2)-div.’ ducts, respectively. 
 
 
Table 2.1 Test conditions 
configuration Pt,a ,MPa Tt,a, K Injectant 
constant area 1.0 282 He, N2, Ar 
 0.55 1850 H2 
 0.54 2200 C2H4 
3.0-half-div. 0.55 2200 H2, C2H4, C2H4+CH4* 
 0.95 1750 H2 
1.55-div.[2.2] 1.0 1500 H2 
3.1-div. [2.2] 1.0 1500 H2 
6.2-div. [2.2] 1.0 1500 H2 
* C2H4:CH4 = 3:1, 1:1 and 1:2.  
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2.1.4 Gas Sampling System 
 Gas sampling system consists of sampling probes, sampling bottles, a vacuum pump (G-100D, 
ULVAC KIKO, Inc.) and control valves.  Figures 2.9(a) and 2.9(b) show sampling probes used in cold 
flows and hot flows, respectively.  One was a non-cooled type for nonreacting cases with interval of 
4.0 mm (1.0 ~ 3.0 mm near the wall) and tip diameter of 0.6 mm as shown in Fig. 2.8(a).  This probe 
could sample gas at maximum 12 points per one experiment, while the samplings at the cross-section 
could be carried out by sliding in the spanwise direction.  
Another was a water-cooled type with interval of 10 mm as shown in Fig. 2.9(b).  This probe had 
fine tip (made of nickel) with a 0.3 mm diameter hole on its tip, and the following expansion and heat 
exchange with water-cooled wall insured quenching of reactions in the probe [2-3].  In the following, 
sampling probes used in cold and hot flows were denoted as ‘non-cooled probe’ and ‘cooled probe’, 
respectively.  Figures 2.10(a) and 2.10(b) show photographs of installation of non-cooled and cooled 
probes, respectively.  Figures 2.11(a) and 2.11(b) show the schematic diagram and photograph of gas 
sampling bottles and control valves.  There were an inlet valve (3-port solenoid valve, AG31, CKD 
Co., Ltd.), purging and vacuum valves (2-port solenoid valve, AB31, CKD Co., Ltd.), sampling bottles 
and a vacuum pump (G-100D, ULVAC Inc.).  Sampling bottles had similar structure to syringe.  The 
large volume insured low backpressure for the expansion at the tip, and after the tests, compression by 
the piston increased sampled gas pressure higher than atmospheric pressure for easy sampling.  Gas 
sampling procedures were as follows; 
1) The inlet valve and the purging valve were closed, while the vacuum valve was opened for keeping 
sampling bottle in a vacuum state (meanwhile Pitot pressure could be measured). 
2) The purging valve was opened, while the vacuum valve was closed for cleaning the sampling line. 
3) The inlet valve was opened, then sampled gas was stored in the sampling bottle. 
4) The inlet valve was closed.  Pressure in the sampling bottle was more than atmospheric pressure by 










a)                                         b) 
Figure 2.10 Photographs of a) non-cooled probe installed at injector section b) cooled probe installed 













Figure 2.11 Gas sampling bottles and the control valves.  
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2.1.5 Test Procedure 
Figure 2.12 shows test procedure for the case with gas sampling in hot flows.  First of all, the 
sampling bottles were kept in a vacuum state.  Before test running, the data logger started to measure 
air and injectant pressure and temperature, while wall pressure and wall temperature were also measured. 
Then, test procedure was as follows: 
1) Air pressure stabilized to the targeted pressure, water being supplied for cooling both the facility 
nozzle and sampling probes. 
2) H2 and O2 for making hot flows were supplied, then an igniter was turned on, hot flows being 
generated and expanded through the facility nozzle to supersonic.  Between 2) and 3), wall pressure 
distribution and Pitot pressure were measured at a ’nonfuel’ situation.  
3) Injectant was supplied.  Between 3) and 4), wall pressure distribution and Pitot pressure at the 
injection situation were measured.  Averagely, it took about 5.0 s for Pitot pressure reading to 
stabilize. 
4)~6) Gas sampling was carried out (See 2.1.4 in detail), sampling time being 2.0~3.0 s. 
7) H2, O2 and injectant supplies was stopped, then N2 was supplied from purging. 
8) Air, N2 and water supplies were stopped. 
Wall temperature at the outside of the combustor near the injection location was monitored during the 
combustion test.  The test was terminated for safety if wall temperature of the outside of combustor 
was up to 473K.  Additionally, pressure at vitiated air heater and water pressure for cooling were also 
monitored during the test sequence.  For the case with cold flows, H2, O2, and water were not supplied. 








2.2 Measurements and Data Reduction 
2.2.1 Pressure Measurement 
In the present experiment, three types of pressure transducers were used: mechanical-scanning 
transducer (Scanivalve Co., Ltd.), electrical-scanning pressure transducer (System8400, Pressure 
System Inc.) and gauge pressure transducer (PG-U series, KYOWA Co., Ltd.). 
Wall pressure and Pitot pressure in cold flow tests were measured by the mechanical-scanning 
transducer, their range being 0 ~ 689 kPa with uncertainty of ±0.2 % of full scales.  This transducer 
could measure 48 points by switching pressure-measuring port every 0.1 s.  On the other hand, wall 
pressure and Pitot pressure in hot flow tests were measured by the electrical-scanning transducer, their 
range being 0 ~ 310 kPa (64 points) and 0 ~ 689 kPa (64 points) with uncertainty of ±0.1 % of full 
scales, sampling frequency of 20 Hz. To mitigate effects of run-to-run deviation of the test conditions 
on the wall pressure distributions, the measured wall pressure was normalized with the measured total 
pressure of incoming airflow (Pt,a).  In the case with gas sampling in the cross-section at ramjet-mode 
operation, repeatability of normalized wall pressure was approximately ±4.3 %. 
Air and injectant manifold pressure were measured by the gauge pressure transducers, appropriate 
range (1~10MPa) being selected according to the expected pressure range.  The transduced strain was 
amplified by the DC strain amplifier (AS2603, AND Company, Limited), then data was recorded to the 
computer controlled by Lab View 2011 (National Instruments Co., Ltd.) with sampling frequency being 
500 Hz.  Uncertainty of gauge pressure transducers was ±0.25 % full scales. 
 
2.2.2 Temperature Measurement 
Wall temperature was measured in the test sections using type K thermocouples (1SKF01, CHINO 
Co., Ltd), each diameter being 1.0 mm with a range of 73~1300 K.  Uncertainty of thermocouples 
was ±2.5 K (at less than 650 K) and ±0.75 % of reading in ℃.  These thermocouples were 
mounted flush on the combustor inner wall. 
Air and injectant temperature were also measured by type K thermocouples.  However, hot flow 
total temperature was beyond their range, so that hot flow total temperature (𝑇𝑡,ℎ𝑜𝑡) at the facility nozzle 













𝐶𝑑,𝑡ℎ𝑟𝑜𝑎𝑡 denotes discharge coefficient of the facility nozzle throat, which was obtained from cold air 
blow tests.  In the present test conditions, the value of discharge coefficient was 1.06± 0.01.  
Measured pressure in the combustion chamber was regarded as total pressure of hot flows (𝑃𝑡,ℎ𝑜𝑡), while 
mass flow rate (𝑚ℎ𝑜𝑡) was obtained from total mass flow rates of air, H2, and O2 (measurement methods 
were described later).  The estimated total temperature from Eq.(2.1) was 70~100 K lower than 
adiabatic flame temperature, which was caused by heat loss to the water-cooled facility nozzle. 




2.2.3 Mass Flow Rate 












𝑃𝑡,𝑎 and 𝑇𝑡,𝑎 were measured at the plenum chamber, 𝐴𝑎
∗  being cross-sectional area of air restrictor 
throat (its discharge coefficient was almost unity).  Repeatability of air mass flow rate was within 
1.5 % in every air condition. 
Mass flow rates of H2, O2 (only in the case with using hot flows) and injectant were obtained 
separately by sharped-edged orifice flowmeters, differential pressure transducers (PDU-A-100KA, 
KYOWA Co., Ltd.) and pressure transducers ( PG-U series, KYOWA Co., Ltd.).  Each mass flow rate 
(m) was calculated from upstream pressure of orifice (ps,up), differential pressure (dP) and downstream 
temperature of orifice (Ts,down) as follows, 







  (2.3) 
where 𝑑𝑜𝑟𝑖 was sharped-edged orifice diameter, 𝐶𝑑 was discharge coefficient of orifice.  In the 
present study, discharge coefficient was the following correlation evaluated from results of calibration, 
𝐶𝑑 = 𝑎0 + 𝑎1 log𝑅𝑒𝑑 + 𝑎2 (log𝑅𝑒𝑑)
2 + 𝑎3 (log𝑅𝑒𝑑)
3    (2.4) 





Viscosity coefficient ( 𝜇  ) was obtained by Sutherland’s equation in this study [2-4]. Table 2.2 
summarizes the constant coefficient 𝑎0 ~𝑎3  in the cases with H2, O2 and injectant supply line, 
respectively.  Repeatability of H2, O2, and injectant mass flow rates was within 2 % at most in every 
condition. 
 
Table 2.2 Constant coefficients for deducing discharge coefficient 
 𝑎0 𝑎1 𝑎2 𝑎3 
H2 supply line 0 0.164537 -0.014557 0.0004164 
O2 supply line 59.53920 -13.42395 1.01972 -0.025825 
Injectant supply line 2.1330 -0.45683 0.045614 -0.001520 
 
Total equivalence ratio (  ) was calculated from fuel (subscript f ) and O2 ( subscript O2 ) mass 









where C was constant coefficient for each fuel, for example, C  were 0.5 and 3 in H2 and C2H4 cases, 
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Therefore, C of mixed gas could be calculated as (3𝛽 + 2) (𝛽 + 1⁄ ).  
 
2.2.4 Sampled Gas Analysis 
The sampled gas was analyzed by a gas chromatography (490 Micro GC, Agilent Technologies Co., 
Ltd.).  Figure 2.13 shows an analysis chart of the gas chromatography in this study.  The sampled gas 
was injected to the column with the carrier gas (Ar and He were used in this study), then a thermal 
conductivity detector in the column identified components of the sampled gas by differential thermal 
conductivities between components of sampled gas and carrier gas.  The column should be preheated 
to remove moisture and impurities in prior to analysis (so called ‘conditioning’).  In addition, the 
column temperature and carrier gas supply pressure should be constant during analysis. 
Table 2.3 summarizes the setting conditions of columns.  In this study, two types of columns were 
used: Molecular Sieve 5?̇? (10 m) and  HP-PLOT Q PT (10 m).  The former column could detect H2, 
He, O2, N2, CO, and CH4 separately when Ar was used as the carrier gas.  Only in the analysis with Ar 
and air mixing tests, helium was used as carrier gas for detecting Ar.  On the other hand, the latter 
column could detect components such as CH4, CO2, C2H4, C2H6, C3H6 and C3H8 when helium was used 
as the carrier gas.  The concentration of each component was obtained from converting the area data 
of detected signals.  As the results of calibration for each component, uncertainty for each component 
was ±0.3 vol%. 
The gas chromatography used in this study could not detect Ar and O2 separately in the case with 
Ar injection.  Additionally, the gas chromatography could not detect H2O, thus we need to deduce H2O 
in reacting cases.  The method for separating Ar-O2 and deducing H2O were described in Appendix B. 
 
 





Table 2.3 Gas analysis settings 
Column Molecular Sieve 5?̇? HP-PLOT Q PT 
Carrier gas type Ar (He*) He 
Carrier gas pressure , kPa 170 190 
Column temperature, K 343 343 
Conditioning temperature, K 423 403 
Injection time, ms 40 40 
   *used in the analysis with Ar/air mixing tests 
 
 
2.2.5 Mixing and Combustion Efficiencies Evaluation in the Cross-Section 
Mixing efficiency (𝜂𝑚), which is defined as the amount of fuel would react if complete reaction 
occurred without further mixing, divided by the amount of fuel that would react if the mixture is uniform 
[2-5] (denoted as ‘Injectant-based’ evaluation).  In addition, there are two meanings of mixing 
efficiency: ‘fine-scale’ mixing efficiency and ‘time- and spatial-averaged’ mixing efficiency. 
Combustion is often occurred by the fine-scale mixing at the molecular level.  Thus, combustion 
efficiency deduced from gas sampling was equal to ‘fine-scale’ mixing efficiency.  In contrast, mixing 
efficiency was deduced from the amounts of injectant and O2 in the sampling bottle in the present study. 
Thus, the deduced mixing efficiency from gas sampling was equal to ‘time- and spatial-averaged’ mixing 
efficiency, which was different from ‘fine-scale’ mixing efficiency.  In general, it takes more time for 
fine-scale mixing, so that ‘time- and spatial-averaged’ mixing efficiency is higher than ‘fine-scale’ 
mixing efficiency.  For distinction, the former mixing efficiency is denoted as (fine-scale) mixing 
efficiency (𝜂𝑚), while the latter is denoted as ‘averaged’ mixing efficiency (𝜂𝑎𝑚) in this study.  
The averaged mixing efficiency by injectant-based evaluation is deduced by using the following 
equation; 





Here 𝜙′ = { 
 1    ( 𝜙′ ≤  1 )
𝜙′  ( 𝜙′ >  1 )
 , 𝜙 = {
 1 ( 𝜙 ≤  1 )
𝜙  ( 𝜙 >  1 )
 
where subscript i denotes injectant.  Mass fraction Y and local equivalence ratio 𝜙′ were obtained from 
gas sampling at each point.  ⊿𝐴 denotes the characteristic local cross-sectional area.  Ki denotes 
injectant recovery ratio, defined as the sampled injectant atoms divided by the supplied injectant atoms. 
Reacted gas density 𝜌  and velocity 𝑉  were calculated from gas compositions of reactants and 
products (subscript r and p, respectively), Pitot pressure (Ppitot), and wall pressure nearby the sampling 
location (regarded as static pressure, ps) by the following procedure: 
1) Mean molecular weight Mw [kg/mol] and gas constant R [J/kg/K] were obtained from 
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  where 𝑅= 8.314 [J/mol/K]. Note that subscript k denotes mixed gas species. 












where Tref =298.15 [K], and ∆𝐻 [J/mol/K] is standard heat of formation.  Specific heat at constant 













Here, T’=Ts/1000, and 𝑎0~6 were constant with gas species, sets being provided for two different 
temperature ranges.  Appendix A shows the ∆𝐻 and 𝑎0~6 of each gas [2-6]. 
3) Total temperature of products Tt,p was assumed, then enthalpy of reactants (Hp) could be obtained by 
Eq.(2.11) with subscript r changed to p.  By iterating calculation of enthalpy conservation between 
reactants and products, Tt,p was obtained. 
4) Specific heat ratio of products (p) was assumed, then Mach number M was deduced by the Rayleigh’s 



















⁄        (M>1) (2.14) 








𝛾𝑝−1   (M<1) (2.15) 
  Ts was deduced as follows, 




   Mach number (M) and 𝛾𝑝 were obtained by iterating calculation until the assumed 𝛾𝑝 equaled to 
the calculated value by Eq.(2.12) and (2.13) with subscript r changed to p. 





V = 𝑀√𝛾𝑝 𝑅𝑝 𝑇𝑠 (2.18) 
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In this study, error for mixing efficiency was estimated by taking undetected injectant as either 
mixed (plus error), or unmixed (minus error).  The maximum and minimum mixing efficiencies were 
obtained as the following equation; 
 Injectant-based:    𝜂𝑎𝑚_𝑚𝑎𝑥 = 
∑(𝑌𝑖𝜌𝑉⊿𝐴/𝜙’)+𝑚𝑖(1−𝐾𝑖)
𝑚𝑖/𝜙
  (2.19) 
Injectant-based:     𝜂𝑎𝑚_𝑚𝑖𝑛 = 
∑(𝑌𝑖𝜌𝑉⊿𝐴/𝜙’)
𝑚𝑖/𝜙
  (2.20) 
 On the other hand, combustion efficiency (𝜂𝑐), defined as the ratio of fuel reacted to the amount of 
available fuel for reaction (denoted as ‘Injectant-based’ evaluation), is deduced by the following 
equation, 





                 Here  𝜙 = {
 1 ( 𝜙 ≤  1 )
𝜙  ( 𝜙 >  1 )
 
As with combustion efficiency, error would be obtained by counting undetected injectant as either 
reacted (plus error) or unreacted (minus error).  
 Especially in the cases with C2H4 injection, other hydrocarbons such as CH4 and C2H6 as well as 
CO and H2 generated due to low O2 combustion under high temperature; so that C2H4 consumption 
could not indicate degree of heat release.  Therefore, we defined the local C2H4 combustion efficiency 
as the ratio of the amount of oxygen consumed to the amount of available oxygen for reaction (denoted 
as ‘oxygen-based’ evaluation), while mixing efficiency was defined as the amount of O2 would react if 
complete reaction occurred without further mixing, divided by O2 that would react if the mixture were 
uniform.  The mixing efficiency and combustion efficiency by oxygen-based evaluation were formed 
as following; 










    
(2.23) 
Here 𝜙′ = {
 𝜙′   ( 𝜙′ ≤  1 )
1    ( 𝜙′ >  1 )
 , 𝜙 = {
𝜙 ( 𝜙 ≤  1 )
1  ( 𝜙 >  1 )
 
where 𝐾𝑂2 denoted O2 recovery ratio, defined as the sampled O2 divided by the supplied O atoms, 
being used for estimating error of mixing- and combustion efficiencies. 
In order to investigate differences between injectant-based and oxygen-based evaluation, mixing 
and combustion efficiencies by injectant-based and oxygen-based evaluation were compared by using 
the H2 injection, results being shown in Table 2.4.  Mixing and combustion efficiencies by oxygen-
based evaluation were 0.03~0.04 points lower than those by injectant-based evaluation, its differences 
being within error for mixing and combustion efficiencies by injectant-based evaluation.  In the 
following, oxygen-based evaluation was used in the only the C2H4 injection case for calculating mixing 




Table 2.4 Combustion and mixing efficiencies in the H2 injection case 
 injectant-based error oxygen-based error 
𝜂𝑎𝑚 0.89 +0.01 -0.07 0.85 +0.04 -0.03 
𝜂𝑐 0.64 +0.03 -0.07 0.61 +0.05 -0.02 
 
 
2.2.6 Combustion Efficiency Evaluation by One-Dimensional Analysis 
In the previous section, we could obtain the mixing and combustion efficiencies in the cross-section 
by sampling gas and measuring Pitot pressure.  However, it is not suitable to evaluate the combustion 
efficiency distribution in the streamwise direction.  Therefore, one-dimensional analysis method was 
used to evaluate the combustion efficiency distribution. 
   Figure 2.14 shows schematic of flow field with in a typical constant-area section, fuel injector, 
diverging section and typical pressure distribution at ramjet mode operation.  Subscripts 1, 2, 3, 4 and 
5 show combustor entrance (i.e., the facility nozzle exit in this study), the PSW origin, divergence origin 
and fuel injector location and the exit of the combustor, respectively. The PSW origin was varied with 
combustion level, so that the region between 2 and 3 was different from each test condition.  Flow 
states were calculated based on assumptions that the flow was steady and behaved as an ideal gas. 
First of all, the incoming airflow conditions were input for the calculation at the combustor entrance.   
15 Species such as CO, CO2, H, H2, H2O, N, NO, NO2, N2, O, OH, O2, Ar, C2H4, CH4 were taken into 
account in the mixture gas.  Mass flow rate (m) was obtained by integrating airflow, H2 and O2 flow 
rates for making hot flows.  The impulse function (IF) and enthalpy (H) were deduced from one-





Figure 2.14 Schematic diagram of dual-mode combustor with diverging duct at ramjet-mode 
operation. 
 
Next, the measured wall pressure distribution being input, iterating calculation for flow states in 
the region without PSW was carried out by solving mass, momentum, and enthalpy conservations and 
equation of state. 







= 𝑚2𝑉2 + 𝑃𝑠,2𝐴2 (2.25) 




2  (2.26) 
𝑃𝑠,2 = 𝜌2𝑅2𝑇𝑠,2 (2.27) 
gas constant (R) and enthalpy (H) were calculated by Eq.(2.10) and Eq.(2.11).  However, one of four 
equations should be ignored, because Ps,2 was already input of the measured pressure.  In this study, 
we calculated the states in the PSW region under two assumptions, 1) momentum conservation of 
Eq.(2.25) was violated, and 2) enthalpy conservation of Eq.(2.26) was violated, then we compared the 
deduced combustion efficiencies under two assumptions.  The results of calculation will be shown later. 
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𝑑𝐹𝑡ℎ  = ∫𝑝 𝑑𝐴 (2.29) 
𝑑𝑄𝑤 = 𝐶𝐻𝐶𝑝𝜌𝑉𝐴𝑤𝑒𝑡(𝑇𝑎𝑤 − 𝑇𝑤) (2.30) 
where 𝐴𝑤𝑒𝑡 denoted wet area of control volume (previous measured pressure point to present measured 
point), 𝜌, 𝑉 and 𝐶𝑝 being the values at the previous pressure point.  Local skin friction coefficient 
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0.5 , 𝜔 = 0.76 
Note that the onset point of boundary layer was set at facility nozzle throat.  Stanton number (𝐶𝐻) was 








Prandtl number (Pr) was constant of 0.75 in this study, which was deduced by REFPROP [2-9].  The 
calculated value of Pr was reasonable compared to the turbulent Prandtl number of 0.70±0.07 [2-10]. 
Adiabatic wall temperature for turbulent flow 𝑇𝑎𝑤 was deduced from  






In the region with the PSW, governing equations were mass, momentum and enthalpy equations as 
same as Eq.(2.24)~(2.27), noting that subscript 2 was converted as 3. The major difference was absence 
of friction.  Tsuru et al. showed that the skin friction in shock-train region of the PSW was almost zero 
by direct measurement of skin friction [2-11]. In addition, they also showed that the friction in mixing 
region of the PSW was 10% lower than that without the PSW.  However, it was difficult to distinguish 
the shock-train region and mixing region in the PSW [2-11].  Thus, calculation was conducted under 
assumption that local skin friction in the PSW region was zero.  The difference of the deduced 
combustion efficiency between with and without the local skin friction in the PSW region was about 
3%. 
Then fuel condition (subscript f ) being input, iterating calculation for flow states at the injector 
downstream was carried out by solving mass, momentum, and enthalpy conservations and state equation. 
𝑚1 +𝑚𝑓 = 𝑚4 (= 𝜌4𝑉4𝐴4) (2.34) 
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= 𝑚4𝑉4 + 𝑃𝑠,4𝐴4 (2.35) 




2  (2.36) 
𝑃𝑠,4 = 𝜌4𝑅4𝑇𝑠,4 (2.37) 
Note that momentum equation in Eq.(2.35) is taken account in only streamwise direction.  The 






Here 𝜙 = {
𝜙 ( 𝜙 ≤  1 )
1  ( 𝜙 >  1 )
 
 Here, the calculated combustion efficiency by quasi-one-dimensional analysis was compared with 
that by measurement at the combustor exit.  Tests were conducted in the diverging combustor in Fig. 
2.7 at  of 0.59.  Hydrogen was injected from the sidewall on half-diverging side at P1 injection 
location.  The total pressure and temperature for airflow were 0.95 MPa and 1750 K.  Sampling were 
at 40 points in the cross-section of 525 mm downstream of the injector.  Table 2.5 shows measured 
(i.e., the results by gas analysis in the cross-section) and one dimensionally calculated combustion 
efficiencies at the combustor exit.  The calculated results are separately shown under assumption that 
1) momentum conservation of Eq.(2.25) was violated, and 2) enthalpy conservation of Eq.(2.26) was 
violated in the region between station 2 and 4.  Compared to the measured combustion efficiency, the 
calculated efficiencies were 0.05~0.06 points under-estimated, but almost identical with minus error of 
the measured results.  The calculated efficiency under momentum conservation violated was 0.01 
points lower than that under momentum conservation violated, which was closer to the measured results. 
Thus, when the combustion efficiency distribution was calculated by quasi-one-dimensional analysis, 
the assumption that enthalpy conservation of Eq.(2.26) was violated in the region between station 2 and 
4 was used in this study.  Uncertainty of combustion efficiency distribution by quasi-one-dimensional 
analysis was 5 %. 
 
Table 2.5 Comparison of combustion efficiency at the combustor exit  
            obtained with quasi-one-dimensional analysis and measurements 
 Measured Calculated 
  error  Momentum eq. violated    Enthalpy eq. violated   








It was noted the experimental apparatus and measurements, and data reduction.  In this study, the 
scramjet combustor was directly connected to a blow down-type wind tunnel facility without or with a 
vitiated air-heater.  For gas sampling and Pitot pressure measurement at the combustor exit, noncooled 
or water-cooled sampling probe were used.  The sampled gas was analyzed by a gas chromatography, 
an uncertainty for each component being ±0.3 vol%.  Wall pressure distribution was measured by 
mechanical-scanning or electrical-scanning pressure transducers.  Repeatability of the normalized wall 
pressure by airflow total pressure was within about 4.3 %.  Mass flow rates of H2, O2 (in the case with 
using hot flows) and injectant were obtained separately by sharped-edged orifice flowmeters, differential 
pressure transducers and pressure transducers, uncertainty being 2%. 
 It was noted that one-dimensional analysis method to evaluate the combustion efficiency 
distribution.  Under assumption that local skin friction in the PSW region was zero, and under 
assumption that enthalpy conservation was violated in the region of injector upstream, uncertainty of 
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Proposed Prediction Method and Modeling of Pseudo-Shock 
Wave System 
3.1 Introduction 
 A simple quasi one-dimensional prediction model for performance prediction of diverging  
combustor at the ramjet-mode operation was proposed.  In this model, combustion pressure prediction 
was based on singular solution as in Ref. 3.1, but the thermal choking location was set as arbitrary.  For 
that, flow states at the onset of the heat addition process (i.e., the injector location) after passing through 
the pseudo-shock wave system (PSW) were assumed in terms of pressure first, and whether the singular 
solution could be attained with given heat release (combustion efficiency) distribution was checked.  
Then the flow states assumption was iterated.   
In this chapter, the detail of the prediction model was described at first.  In the following, the flow 
states prediction model at the ramjet mode operation was denoted as the ‘ramjet-mode model.’  To 
construct the ramjet-mode model, two sub-models should be provided, 1) for the pressure distribution 
prediction within the PSW to deduce the flow states with assumed pressure, and 2) for the combustion 
efficiency distribution prediction in the streamwise direction.  The former is described in this chapter, 
while the latter will be described in the next chapter. 
The pressure distribution within the PSW in diverging combustors was investigated for application 
to the ramjet-mode model.  From experimental results in the 3.0 degrees half-diverging combustor and 
1.55, 3.1 and 6.2 diverging combustors, the pre-proposed PSW correlation from literature used in the 
constant-area ducts was modified to take the divergence into account.  Then, applicability of the 
modified PSW correlation was verified by results of the previous tests with mechanical throttling in cold 
flow at various Mach number and divergence angle.  Finally, the effect of uncertainty of the PSW 
correlation on the prediction was evaluated by comparing the predicted pressure distribution and 
experimental pressure distribution.   
 
3.2 Proposed ‘Ramjet-mode’ Model 
Figure 3.1 shows the flowchart of the ramjet-mode model.  At first, flow states without fuel 
injection (denote as ‘nonfuel’ case.) were calculated under the following assumptions; 1) quasi one-
dimensional flow and cross-sectional area of duct being function of the axial distance along the 
combustor, 2) the flow being steady, behaving as an ideal gas, 3) the flow being under thermal 
equilibrium, while the combusted gas being under chemical equilibrium.  In the calculation with the 
nonfuel case, mass, momentum and energy conservation equations and the equation of state were solved 




















𝑃𝑠,2 = 𝜌2𝑅2𝑇𝑠,2 (3.4) 
where subscript 2 denotes the section without PSW.  Enthalpy (H) and gas constant (R) at state in a 
certain streamwise location (j) were calculated from 
 













where ∆𝐻(𝑇𝑟𝑒𝑓) denotes standard heat of formation, and subscript k denotes gas species (CO, CO2, H, 
H2, H2O, N, NO, NO2, N2, O, OH, O2, C2H4 and CH4 in this study).  The local skin friction (𝑑𝐹𝑓𝑟𝑖), 





𝑑𝐹𝑡ℎ  = ∫ 𝑝 𝑑𝐴      (3.8) 
𝑑𝑄𝑤 = 𝐶𝐻𝐶𝑝𝜌𝑉𝐴𝑤𝑒𝑡(𝑇𝑎𝑤 − 𝑇𝑤) (3.9) 
where Awet denotes the wet area.  In the present calculation, streamwise mesh size dx was 1 mm.  
Local skin friction coefficient (𝐶𝑓) and Stanton number (𝐶𝐻) were estimated by van Driest’s method 
[3-2] and Colburn’s analogy [3-3], equations being described as mentioned in Eq.(2.29) and (2.30). 
Next, by assuming peak pressure at the injector, the streamwise pressure distribution in the PSW of 
the diverging combustor was deduced by using the PSW correlation, which will be described later.  The 
skin friction within the PSW (Ffri,3) was zero due to separation flows in the PSW, referenced by Heiser 
et al [3-4].  When pressure in the PSW and initial airflow properties were given, one of three (mass, 
momentum and energy) conservation equations must be violated.  In the present study, mass and 
momentum conservation equations were conserved, while the energy equation was neglected.  Similar 
assumption was used in the one-dimensional analysis method proposed by Billig [3-5].  Note that over-
estimation of total and static temperature was observed in the calculation in the PSW.  In the section 
from the origin of the PSW to the injector (subscript 3), the flow states could be calculated by 







= 𝑚3𝑉3 + 𝑃𝑠,3𝐴3 (3.11) 
𝑃𝑠,3 = 𝜌3𝑅3𝑇𝑠,3 (3.12) 
Thrust and heat release within the PSW region were deduced by Eq.(3.7) ~(3.9).  
Next, after adding fuel (subscript f ), flow states between downstream of the injector and the combustor 
exit (subscript 4) were calculated by giving combustion efficiency distribution at streamwise direction 
and solving the following equations, 
𝑚1 +𝑚𝑓 = 𝑚4 (= 𝜌4𝑉4𝐴4) (3.13) 






= 𝑚4𝑉4 + 𝑃𝑠,4𝐴4 (3.14) 
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        Here  𝜙 = {
 1 ( 𝜙 ≤  1 )
𝜙  ( 𝜙 >  1 )
 
Note that the energy equation was also satisfied from downstream of the injector.  The origin of the 
boundary layer behind the PSW, which was required for deducing Cf, was reset at the location of the 
injector, experimental findings by Tsuru et al. being referred [3-6]. 
Finally, whether calculation satisfied singular solution within the diverging duct was judged.  
Singular solution is the state that subsonic flows behind the PSW accelerate to sonic speed (i.e., thermal 
choking) by heat release of fuel combustion and then to supersonic speed by area expansion.  For the 
case with combustion within the constant cross-sectional area combustor as the NASA’s model, thermal 
choking should occur at the combustor exit, and the choked flow expands within the following divergent 
duct to supersonic speed.  If thermal choking occurs in the middle of the constant area combustor before 
completion of heat release, more heat release to the airflow in the downstream of the choking point 
would lead to violation of the conservations, so that, the thermal choking point would appear at a specific 
point such as exit of the constant area combustor, termed as singular solution.   
With occurrence of thermal choking in the diverging combustors, the conditions to satisfy singular 
solution were more complicated than that in constant area combustors; in subsonic flows, heat release 
effects need to exceed flow divergence effect for acceleration, while in the supersonic flows after thermal 
choking, flow divergence effects need to exceed heat release effects for more acceleration.  Therefore, 
the singular solution was found out when combustion efficiency distribution was given.  In the present 
model, the singular solution was obtained from iterating assumed pressure at the injector, that is, 
changing airflow total pressure.  











= 𝑐𝑜𝑛𝑠𝑡. (3.18) 
where Q denote the amount of heat release.  As increasing Q, the total pressure should be increased for 
satisfying the mass conservation at the thermal choking location.  Thus, reducing total pressure loss 
was required for maintaining the high total pressure necessary for further heat release.  By replacing 
the PSW to the normal shock wave, the total pressure loss (∆𝑃𝑙𝑜𝑠𝑠) through the shock wave was derived 
as    
∆𝑃𝑙𝑜𝑠𝑠 = 𝑃0 [{
(𝛾 + 1)𝑀2










− 1] (3.19) 
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where P0 and M denote the upstream total pressure and upstream Mach number.  Figure 3.2 shows the 
relation between total pressure loss and upstream Mach number (M).  The total pressure loss was 
reduced with the upstream Mach number being low.  In the diverging combustor case, supersonic flow 
Mach number was lower at further upstream location.  Therefore, the normal shock location would 
move more upstream to reduce total pressure loss.  This reduction in total pressure loss came together 
with that through skin friction reduction as the shock wave (and hence, separation region) penetrated 
further upstream.  Thus, by changing the shock wave location, variable total pressure at the exit of the 
PSW was available to find the singular solution.  The change in the shock wave location also changed 
the static pressure at the exit of the PSW in a unique manner.  Thus, in the present model, the singular 
solution was deduced by assuming airflow static pressure at the injector.  Figure 3.3 shows typical 
pressure distributions at the downstream of the injector if assumed peak pressure is 1) appropriate (i.e., 
singular solution), 2) low, or 3) high.  With low assumed pressure, total pressure loss was not sufficient 
to cause thermal choking without singular solution, so that violation of the conservations occurred within 
the heat release region.  With excessively assumed pressure, deceleration due to area expansion 
overcame acceleration, so that the flow remained subsonic through the diverging combustor, then 
mismatch against ambient pressure at the combustor exit occurred. 
In the model, two sub-models were required for calculating the flow states at the ramjet-mode 
operation; the relation between the PSW penetration length and the peak pressure-rise, and the 
streamwise combustion efficiency distribution in the diverging combustor.  Researchers proposed 
empirical formula and calculation results about their relations in the constant area ducts [3-7, 8, 9]. 
However, there were few effective relations in the diverging combustor case.  Thus, these relations 
were fitted and compared with the experimental results from the combustion tests in the diverging ducts, 












Figure 3.3 Typical pressure distribution at downstream of the injector with various assumed pressure. 
  





























































3.3 Experimental Results in Diverging Combustors 
Combustion test results with H2 injection were used in the present study to attain pressure 
distributions within diverging ducts.  To judge whether the shock-train penetrating upstream of the 
injector location was the PSW (flow decelerated to subsonic) or oblique shock train (supersonic core 
flow remained), one-dimensional analysis was performed with the measured wall pressure distributions 
as the input.  These data were also used in the following chapters to deduce combustion efficiency 
distribution formula. 
The results of the combustion tests at 3.0 the degrees half-diverging (3.0-half-div.) combustors in 
Fig.2.6(a) were used.  Injection locations were 75 (P1), 225 (P2) and 375 (P3) mm from origin of 
divergence, respectively.  Additionally, the previous experimental findings at the ramjet-mode 
operation [3-10, 3-11] were used, where H2 was injected in the 1.55, 3.1 and 6.2 degrees diverging 
combustors (1.55, 3.1 or 6.2-div.) in Fig. 2.8, for estimating the effects of diverging angle on the 
proposed PSW correlation. 
 Figures 3.4 shows normalized wall pressure distributions at various H2 equivalence ratio ( ) with 
the P1 injection in the 3.0 degrees half-diverging combustor.  Pressure recovery due to flow separation 
at the combustor exit was observed in the nonfuel case (closed circle) and the H2 injection case because 
pressure was too low compared to the atmosphere.  In one-dimensional calculation, over-estimation of 
combustion efficiency would occur by taking the pressure-rise as the results of fake heat release.  Thus, 
pressure distribution between the origin of the diverging section (or the peak pressure location in the 
combustion case) and the origin of the separation was curve fitted with Crocco’s equation [3-12] to 
obtain reference pressure distribution; 
𝑝𝑠𝐴 −1
⁄ = 𝑐𝑜𝑛𝑠𝑡. (3.20) 
where 𝜀 was 3.7 in the nonfuel case, while 𝜀 was 1.6 ~ 1.8 in the P1 injection case.  Figure 3.5 shows 
corrected pressure distributions.  At  = 0.57, the peak pressure-rise was observed at downstream of 
the injector with slight pressure propagation across the injector location.  With increasing  (>0.85), 
the peak location of pressure-rise moved to the injector location, then pressure-rise was observed at 
upstream of the injector (i.e., shock-train generation).  On the other hand, at x >300mm, pressure 
slightly increased with , but differences among pressure distributions in 0.85<  <1.12 were small. 
Figure 3.6 shows deduced Mach number distribution with the P1 injection at various .  Mach 
number was deduced from the calculated values of velocity and sonic speed at each pressure port, as 
described in section 2.2.6.  Note that Mach number at upstream of the injector was deduced from only 
mass and momentum conservation equations besides the measured pressure.  Mach number at injector 
location was below unity at 0.85<  < 1.12.  Judging from pressure and Mach number distributions, 
the ramjet-mode operation was confirmed at   more than 0.85 with the P1 injection.  
Figure 3.7 shows comparison of Comparison of Mach number distributions with energy- and 
momentum conservation equations violated in the PSW (P1 injection with  =1.12), Mach number 
distribution with energy conservation violated was same as that in Fig. 3.6 with =1.12.  As mentioned 
above, one of three (mass, momentum and energy) conservation equations must be violated when 
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pressure in the PSW and initial airflow properties were given.  Although the Mach number with 
momentum conservation violated was 10~17 % lower than that with energy conservation violated in the 
PSW region, Mach number distribution at the downstream of the injector (using each calculated heat 
loss in the PSW region) was in agreement within less than 0.1 %.  In the following, the Mach number 
distribution with energy conservation violated was used to judge whether the ramjet-mode operation 
was achieved for more stringent judgment. 
Figures 3.8 shows the wall pressure distributions at various H2 equivalence ratio with the P2 
injection in the half-diverging combustor, separation at the combustor exit curve being fitted with 
Eq.(3.20).  Figure 3.9 shows the deduced Mach number distribution with the P2 injection.  As same 
as the P1 injection case, the location of peak pressure was observed at the injection location when Mach 
number just before the injector (x =170 mm) was below unity.  With  = 0.93, pressure at downstream 
of the injector was higher than that at upstream of injector, while deduced Mach number just before the 
injector exceeded unity.  The flow field at the injector in this case would be both supersonic and 
subsonic mixed flow, i.e., supersonic core flow remained while subsonic flow covered the combustor 
wall.  Kobayashi et al. indicated that an asymmetrical flow composed of a subsonic separate flow and 
a supersonic core region was found at low  even though one-dimensional calculation showed the 
averaged flow to be subsonic [3-13].  In this study, the ‘pure’ subsonic flow and supersonic/subsonic 
mixed flow were distinguished, and then prediction of the flow states for pure subsonic flow was mainly 
targeted.  It was judged that the ramjet-mode operation was confirmed from  more than 1.1 with the 
P2 injection.  
Figure 3.10 shows wall pressure distributions with the P3 injection, while Figure 3.11 shows the 
deduced Mach number distributions with the P3 injection.  At  of 0.28 and 0.57, calculation for 
deducing Mach number stopped at the downstream of the injector because the measured pressure 
exceeded the maximum possible pressure with injected fuel completely burnt; one-dimensional 
calculation could not distinguish the pressure-rise due to the separation and pressure-rise due to heat 
release.  However, we could not separate pressure-rise due to separation and pressure-rise due to 
combustion in this configuration.  Therefore, these data were not used in the present study.  It was 
judged that the ramjet-mode operation was confirmed from   of 1.13 with the P3 injection, because the 
location of the peak pressure was observed at the injector, and because Mach number at the injection 
location was below unity. 
Figures 3.12, 3.13 and 3.14 show wall pressure distributions in the 1.55, 3.1 and 6.2 degrees 
diverging combustors, respectively [3-10, 11].  For modelling the relation between PSW penetration 
and pressure-rise, only the data from the experiments where the PSW remained in the diverging 
combustor were used, because the backward-facing step and changing the diverging angle through the 
PSW would change the characteristics of the relation between PSW penetration and pressure-rise.  
Note that in the 6.2 degrees diverging combustor, the pressure-rise was so low due to weak combustion 










Figure 3.5 Wall pressure distributions with P1 injection in 3.0 degrees half-diverging combustor, curve 
fitted by Eq. (3.20). 
 
 














































































Figure 3.7 Comparison of Mach number distributions with energy- and momentum conservations 
violated in the PSW (P1 injection with =1.12). 
 
 


























































Figure 3.8 Wall pressure distributions with P2 injection in 3.0 degrees half-diverging combustor, curve 





Figure 3.9 One-dimensionally deduced Mach number distributions with P2 injection in 3.0 degrees 
half-diverging combustor.  





































































Figure 3.10 Wall pressure distributions with P3 injection in 3.0 degrees half-diverging combustor, 




Figure 3.11 One-dimensionally deduced Mach number distributions with P3 injection in 3.0 degrees 
half-diverging combustor.  









































































Figure 3.13 Wall pressure distributions in 3.1 degrees diverging combustor [3-11]. 
 












































































Figure 3.14 Wall pressure distributions in 6.2 degrees diverging combustor [3-11]. 
 
3.4 Prediction of Pressure Distribution within PSW 
Prediction model was proposed based on the combustion test results described in section 3.3.  
Then, the applicability of the model was evaluated by cold (unheated) flow tests with mechanical 
throttling at various Mach number in literature.   
 
3.4.1 Prediction Model Proposal 
Figure 3.15 shows plots of peak pressure-rise distribution against distance from the PSW origin 
(Xpsw) at  of 1.1 with P1, P2 and P3 injection in the half-diverging combustor.  The experimental 
results of H2 injection at constant area ducts are also plotted in Fig. 3.15.  The vertical axis denotes the 
ratio of pressure with fuel and pressure with nonfuel.  The closed symbols show the peak pressure.  
The PSW penetration length in the diverging duct case was shorter than that in the constant-area duct 
case. 
The empirical equation for constant area ducts was proposed by Waltrup and Billig [3-7, 3-14, 3-














where subscript st denotes the state of the PSW origin. 𝑅𝑒𝜃 and  denote Reynolds number (based on 
momentum thickness) and momentum thickness, respectively.  Mach number at the PSW origin was 
calculated by solving the mass, momentum and energy conservation equations in the nonfuel case.  In 
the present experiment, momentum thickness at the combustor entrance was evaluated to be about 0.78 
mm at the facility nozzle exit by Pitot pressure measurements.  The increasing rate of momentum 
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7⁄ } (3.22) 
Figure 3.16 shows plots of pressure distributions for distance from the PSW origin in the cases with 
constant-area and diverging sections.  Unlike Fig.3.15, pressure was normalized with pressure at the 
PSW origin ( pst ), referred to the equation by Waltrup and Billig shown in Eq.(3.21).  The value of 
pressure at the PSW origin was the calculated value by one-dimensional analysis in the nonfuel case.  
The deduced pressure distribution by Eq.(3.21) is also shown as the solid line in Fig. 3.16.  In 
rectangular ducts, these were recommended that the constant number (N) was 0.25 [3-7], or 0.20 [3-8], 
and hydraulic diameter at the PSW origin (𝐷𝑠𝑡) should be replaced with the smaller of the width or 
height of the duct cross-section [3-7].  In this study, the case with N of 0.25 and using Wst , which was 
width of the combustor, was in better agreement with results of pressure-rise distribution in the constant 
area ducts than the other cases such as N of 0.20.  Therefore, N of 0.25 and Wst were used instead of 
Dst in Eq.(3.21) and following Eq.(3.23). 
Compared to data with injection in the constant-area duct, differences in pressure distribution were 
not observed with P1 injection because most of the PSW region was located in the constant area duct 
with the P1 injection case.  With injection configuration further downstream, pressure-rise distribution 
against distance from the PSW origin was different from Eq.(3.21).  In the nonfuel case in diverging 
ducts, static pressure of supersonic flow decreased in the streamwise direction.  In Fig. 3.16, peak 
pressure was normalized with pressure at the PSW origin (i.e., peak pressure normalized with the 
pressure at further upstream), so that the normalized pressure-rise resulted in small as further 
downstream.  Therefore, Eq. (3.21) could not be applied with the diverging ducts case. 
Then, expansion ratio ( E ) was focused, which was defined as ratio of cross-sectional area at peak 
pressure location and that at the PSW origin.  Penzin experimentally investigated effects of expansion 
ratio on peak pressure-rise under identical diverging angle, peak pressure-rise being decreased with 
increasing expansion ratio, as shown in Figure 3.17 [3-16].  Figure 3.18 shows the plots of normalized 
pressure (at x/dh = 10 and 14 in Fig. 3.17) against streamwise distance divided by expansion ratio.  The 
normalized pressure was almost linear against streamwise distance divided by expansion ratio in 1.67 < 
E < 2.5.  In the present test configuration, the diverging angle of combustor was constant in all injection 
cases, and E being 1.03, 1.15 and 1.33 with P1, P2 and P3 injection at  of 1.1, respectively.  In Fig. 
3.16, the trend that peak-pressure was lower with injector configuration further downstream (i.e., 
increasing E) could be seen.  Thus, the equation by Waltrup and Billig (Eq.(3.21)) was modified as the 
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Figure 3.19 shows plots of pressure-rise against the left-hand side of Eq. (3.23).  The correlation curve 
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was in good agreement with data with P1 to P3 injection. 
However, the value of the left hand of Eq.(3.23) would have a large error due to uncertainty of each 
parameter, mainly of momentum thickness.  In the half-diverging combustors, the momentum 
thickness would be different between diverging and non-diverging sides.  In addition, the boundary 
layer would be influenced by corner effects of rectangular ducts.  The error of boundary layer thickness 
would affect estimation of Reynolds number and Mach number at the PSW origin.  Figure 3.20 shows 
peak pressure-rise with various equivalence ratio with P1 to P3 injection in 3.0 degrees half-diverging 
combustor, and peak pressure-rise in 1.55, 3.1 and 6.2 degrees diverging combustors.  The discrepancy 
between experiment and prediction from Eq.(3.23) was +21% and -17% as shown dotted line in Fig. 

















































Figure 3.17 The effect of expansion ratio (denotes as f in this figure) on the pressure distribution [3-
16].  Horizontal axis shows PSW penetration length over duct hydraulic diameter, while 
vertical shows pressure normalized with that in the duct entrance.  


































Figure 3.18 Plots of normalized pressure (at x/dh = 10 and 14 in Fig. 3.17) against streamwise distance 





Figure 3.19 Plots of normalized pressure-rise against correlation parameter. 
 
 






































































Figure 3.20 The comparison with previous data of peak pressure-rise at combustion tests with various 
diverging duct angle. 
 
3.4.2 Application Range of Proposed PSW Prediction Model 
As mentioned above, the modified PSW correlation could predict the pressure distribution in the 
PSW with 3.0 degrees half-diverging ducts.  However, it was unclear whether the PSW correlation 
could be applied to other conditions in terms of Mach number (at the combustor entrance) and Reynolds 
number.  Therefore, application range was verified by applying the proposed PSW correlation to the 
previous cold flow test results with a mechanical throttling to back-pressurize in the diverging ducts 
with various Mach number and diverging angle [3-17]. 
 
3.4.2.1 Test Conditions 
 Figure 3.21 shows the test apparatus used in the previous study [3-17].  The cross-sectional area 
at the entrance of test section (i.e., at the facility nozzle exit) was 50mm height (H) and 25 mm width 
(Went), while the cross-sectional area at the exit of the test section was 50mm height (H) and 50 mm 
width (Wexit).  Mach number at the facility nozzle exit was designed to be 1.5 and 2.5.  The diverging 
angles of (half-diverging) test section were 2.5 and 5.0 degrees, respectively.  Because the exit width 
of the test section was constant by 50 mm in all cases, test section length was shorter with larger 
diverging angle.  Table 3.1 summarized test conditions. 
 For the PSW correlation, static pressure, Mach number, and momentum thickness without the PSW 
were required.  Therefore, flow properties were estimated by solving the mass, momentum and energy 
conservation equations from the test section entrance.  The momentum thickness was deduced by 
Eq.(3.22), the origin of momentum thickness being settled at the facility nozzle throat.   











































Figures 3.22(a) and (b) show the predicted and measured pressure distributions without the PSW.  
Although local pressure differences between the prediction and the experiment could be seen due to the 
weak compression wave and the expansion wave generated by the connection between the facility nozzle 
and the test section, the predictions of pressure distributions corresponded to the experiments.   
Figures 3.23 show the predicted Mach number distributions and mean Mach number at the test 
section exit calculated from the results of the Pitot pressure measurement with Mach number of 1.5 [3-
17].  The predicted Mach number (by one-dimensional calculation) was in agreement within 5% with 
the mean Mach number in the cases with diverging angle of the 2.5 and 5.0 degrees.  Unfortunately, 
there are no Pitot pressure data available with Mach number of 2.5.   
Table 3.2 shows the ‘measured’ and predicted momentum thickness at the entrance and exit of the 
test section with using the M1.5 facility nozzle.  The measured momentum thickness was evaluated as 












The predicted momentum thickness by Eq. (3.24) was in agreement within 11% with measured 
momentum thickness.  Thus, the predicted static pressure distributions, Mach number distributions, 
and momentum thickness by the one-dimensional analysis were used in calculation of the proposed PSW 
correlation.  The ranges of static pressure, Mach number, duct width, momentum thickness Reynolds 
number, momentum thickness and expansion ratio were varied as follows: 26kPa < ps < 92 kPa, 











Table 3.1 Test conditions [3-17] 
upstream Mach number diverging angle , degree test section length, mm Pt,a , kPa Tt,a, K 
1.5 2.5 590 340 270-280 
2.5 2.5 590 1050 270-280 




Table 3.2 The predicted and measured momentum thickness with M1.5 facility nozzle 
 momentum thickness, mm 
 measured [3-17] predicted  
Test section entrance 0.235 0.238  
Test section exit (div. angle of 2.5 degrees) 0.809 0.900 






Figure 3.22(a) Comparison of the pressure distributions between the prediction and the experiments 
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Figure 3.22(b) Comparison of the pressure distributions between the prediction and the experiment in 












































































3.4.2.2 Experimental Results and PSW Correlation 
Figure 3.24(a) shows the wall pressure distributions with back-pressurised in the case with 
upstream Mach number of 1.5 and diverging angle of 2.5 (denote as ‘M1.5-2.5deg-div.’), wall pressure 
being normalized by total air pressure.  With increasing backpressure, the PSW penetration length 
increased, this trend being same in the case with H2 combustion case.   Figure 3.24(b) shows the wall 
pressure distributions with the mechanical throttling at incoming flow Mach number of 2.5 and 
diverging angle of 2.5 (denote as ‘M2.5-2.5deg-div.’).  Compared to the pressure distribution in the 
case with M1.5-2.5deg-div. shown in Fig. 3.24(a), pressure increased more linearly in the streamwise 
direction.  Figure 3.24(c) shows the wall pressure distributions with the mechanical throttling at 
incoming flow Mach number of 1.5 and diverging angle of 5.0 (denote as ‘M1.5-5.0deg-div.’).  
Compared to the pressure distributions in the case with M1.5-2.5deg-div. shown in Fig.3.24(a), shorted 
penetration length in the streamwise direction was observed.  
 Figures 3.25(a)~(c) show plots of peak pressure (normalized by the pressure at the PSW origin) 
against the correlation parameter (𝑋𝑝𝑠𝑤(𝑀𝑠𝑡
2 − 1)𝑅𝑒𝜃,𝑠𝑡
0.25/√𝑊𝑠𝑡𝜃𝑠𝑡) of Eq. (3.21) in cases with (a) M1.5-
2.5deg-div., (b) M2.5-2.5deg-div. and (c) M1.5-5.0deg-div., respectively.  In the case with short PSW 
penetration length, that is, in the case that the area divergence effect was little such as case 4 in 
Fig.3.25(a), the prediction by Eq.(3.21) was in good agreement with experimental results.  However, 
in the case with larger PSW penetration (e.g., case 1 to 3 in Fig.3.25(a)), the differences between 
predictions by Eq.(3.21) and experiments could be seen in the diverging duct case, showing that the area 
diverging effect could not be ignorable. 
 Figures 3.26(a)~(c) show plots of pressure-rise against modified correlation parameter 
(𝑋𝑝𝑠𝑤(𝑀𝑠𝑡
2 − 1)𝑅𝑒𝜃,𝑠𝑡
0.25/𝐸√𝑊𝑠𝑡𝜃𝑠𝑡) of Eq.(3.23) in cases with (a) M1.5-2.5deg-div., (b) M2.5-2.5deg-div. 
and (c) M1.5-5.0deg-div., respectively.  In all cases, the PSW correlation by Eq.(3.23) could predict 
the pressure-rise more precisely than the prediction by Eq.(3.21).  In the case with M1.5-2.5deg-div. 
shown in Fig. 3.26(a), the prediction was in good agreement with experiments, although the peak 
pressure at the end of the PSW in the case 1 was over-estimated.  In the PSW correlation,  the pressure 
distribution was expressed as the quadratic curve.  Therefore, the predicted pressure distribution 
increased with the PSW penetration more upstream.  However, in real, the pressure-rise in the mixing 
region of the PSW ( in the region from about 80% of maximum pressure-rise [3-8] ), the pressure 
increases more gently increased compared to the shock-train region (in the region up to 80% of 
maximum pressure-rise).  Thus, the discrepancy of the pressure distribution between the prediction and 
experiment would occur when the PSW penetrated more upstream.  In the present case with M1.5-
2.5deg-div., the proposed PSW correlation could predict the pressure distribution precisely when the 
PSW penetration length was under about 730 mm (470 mm diverging section and 260 mm constant area 
section) from mechanical throttling location. In the case with the upstream Mach number of 2.5 in 
Fig.3.25(b), the PSW correlation could predict the peak pressure the case 5 and the case 6, although the 
predicted pressure distribution in the PSW was over-estimated. 
On the other hand, in the case with diverging angle of 5.0 degree in Fig.3.26(c), a large deviation 
between the prediction and the experimental results could be seen.  This deviation was caused by 
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generation of the too large separation flow in the PSW region.  Figures 3.27(a) and 3.27(b) show the 
Schlieren photographs with Mach number of 1.5 and diverging angle of 2.5 and 6.7 degrees, respectively 
[3-17].  In the 1.5 degrees diverging duct case in Fig. 3.27(a), the shock train region and mixing region 
were observed at the center between the diverging-side wall (upper wall in Fig.3.27(a)) and straight-side 
wall (lower wall in Fig. 3.27(a)).  However, in the 6.7 degrees diverging duct case in Fig.3.27(b), the 
large separation generated near the straight-side wall, then the shock train generated near the diverging-
side wall.  Nagata reported that the asymmetric flow structure could also be seen in the 5.0 degrees 
diverging case, though the image was not available [3-17].  The large separation reached the 
mechanical throttling location to form imaginary wall with a smaller diverging angle, so that the flow 
through PSW did not occupy the whole cross-section.  Through this separation effects, the asymmetric 
flow structure would influence pressure distributions with a large diverging angle about 5.0 degrees and 
more, and the proposed PSW correlation (Eq.(3.23)) could not predict pressure distributions in such 
large diverging angle. 
As the result of validation with the cold flow tests with mechanical throttling, the proposed PSW 
correlation for diverging ducts could apply in the following range of upstream Mach number and 
Reynolds number (/m) : 1.5<M<2.5, 1×107<Re <6×107.  Table 3.3 shows the calculated combustor 
entrance conditions at freestream dynamic pressure of about 50 kPa by Billig [3-19].  The deduced 
Reynolds number under was also shown in Table 3.3, viscosity being deduced by the Sutherland’s 
formula of viscosity [3-20].  In the range of flight Mach number from 3 to 6 (i.e., in the range of ramjet-
mode operation being effective), Mach number range at the combustor entrance was 1.52 to 2.53.  The 
present verification covered this range.  Furthermore, deduced Reynolds number was within 107 /m 
order in the flight Mach number range of 3 to 6, the present verified Reynolds number range being in 
this order.  Therefore, the proposed PSW correlation could be effective in the fight Mach number range 
of 3 to 6.  In the limit, the PSW correlation would predict the PSW penetration length more shortly 
against a certain peak pressure in the cases with 1) the PSW penetrating more upstream and 2) the 
















































































(c) Upstream Mach number of 1.5 and diverging angle of 5.0 degrees. 
 
Figure 3.24 Pressure distributions with mechanical throttling [3-17].  
 
 
(a) Upstream Mach number of 1.5 and diverging angle of 2.5 degrees. 
 










































































(c)Upstream Mach number of 1.5 and diverging angle of 5.0 degrees. 
 
Figure 3.25 Plots of pressure-rise against the correlation parameter of Eq. (3.21). 
 






















































































































































(c)Upstream Mach number of 1.5 and diverging angle of 5.0 degrees. 
 











































Table 3.3 Combustor entrance conditions under freestream dynamic pressure of about 50 kPa [3-19] 
flight  
Mach number 
combustor entrance condition 
M  ps kPa Ts, K V, m/s Re , 107/m 
3 1.52 59.8 418 624 1.35 
4 1.87 71.6 544 874 1.48 
5 2.20 76.0 680 1151 1.47 
6 2.53 76.9 815 1446 1.29 
7 2.84 76.3 947 1752 1.21 




3.5 Verification of Accuracy Pressure Prediction by ‘Ramjet-mode Model’ in 
respect to PSW Correlation Uncertainty 
In this section, the effect of 21% uncertainty of the PSW correlation (Eq.(3.23)) on the pressure 
prediction by the ramjet-mode model was evaluated.  As the sample condition, H2 injection case with 
 = 1.10 at the P2 location in the half-diverging combustor was chosen.  As mentioned above, 
combustion efficiency distribution was required for predicting pressure distribution in the ramjet-mode 
model.  In this section, approximation curve deduced from the one-dimensionally calculated 
combustion efficiency distribution was used to confirm only the pressure prediction accuracy in respect 
to the PSW correlation uncertainty.  Figure 3.28 shows the combustion efficiency distribution (deduced 
by one-dimensional analysis) and the approximation curve with the P1 injection at  =1.10.  The 
modeling of the combustion efficiency distribution will discuss in the next chapter in detail. 
 Figure 3.29 shows comparison of the deduced pressure distributions in the cases with 1) using Eq. 
(3.23) (denoted as ‘original’ correlation), 2) using the equation with a 21% increase in the left hand of 
Eq. (3.23) (denoted as ‘21% larger’ correlation), and 3) using the equation with a 21% decrease in the 
left hand of Eq.(3.23) (denoted as ‘21% smaller’ correlation), with H2 injection at the P1 location in the 
half-diverging combustor.  The calculated results by the original correlation is denoted as the solid line, 
while the calculated results with the 21% larger and 21% smaller correlation than original value are 
denoted as dotted line and dotted-dash line, respectively.  As a result, thermal choking location was 
almost the same (x~343mm) and the pressure distribution at the downstream of thermal choking location 
was also the same in the all cases.  A 21% increase in the PSW correlation had such effects on the 
pressure prediction as shortening the PSW penetration length and increasing peak pressure.  
Conversely, a 21% decrease in the PSW correlation had such effects on the pressure prediction as 
enlarging the PSW penetration length and decreasing peak-pressure. 
 The predicted PSW penetration length by original correlation was 249 mm, this result being in 
good agreement with the experimental result.  Compared to the prediction with original correlation, 
the prediction deviation of the PSW penetration length was +8.4% and -6.0%.  The prediction deviation 
of peak pressure was +4.0% and -4.8%.  Though the predicted peak pressure by original correlation 
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was 6.5% higher than experimental peak pressure at x =170 mm, the predicted pressure distribution in 
the PSW region (x = -33~200 mm) was in agreement with experimental values.  For evaluating the 
effect of PSW correlation error on thrust performance, thrust increment by combustion was calculated, 
i.e., increment of pressure integration in the diverging section between combustion and nonfuel case.  
Table 3.4 shows the deduced thrust increments by combustion in the cases with Eq.(3.23) and with the 
equation with a 21% increase/decrease in the PSW correlation.  The experimental result from measured 
pressure is also shown for comparison.  The prediction deviation of thrust increment was +1.3% and -
2.2%, showing that the impact on the deviation of the PSW correlation (Eq.(3.23)) was small.  The 
deduced thrust increment by original correlation was in good agreement with the experimental results.  
 
 
Table 3.4 Thrust increment by combustion with P2 injection ( =1.10) 
 Thrust increment by combustion, N 
original correlation 223 
21% larger correlation 226 





Figure 3.28 Combustion efficiency distribution (deduced by one-dimensional analysis) and the  







Figure 3.29 Pressure comparison with H2 injection at P2 in the half-diverging combustor. 
 
3.6 Conclusion 
A quasi one-dimensional model (ramjet-mode model) for prediction of flow states under the ramjet-
mode within diverging combustors was proposed in this chapter.  To construct the ramjet-mode model, 
two sub-models should be provided, 1) for the pressure distribution prediction within the pseudo-shock 
wave system (PSW) to deduce the flow states with assumed pressure, and 2) for the combustion 
efficiency distribution prediction in the streamwise direction.  The two models were proposed from 
experimental results with H2 injection tests in the 3.0 degrees half-diverging combustor, the latter being 
described in the next chapter.   
The prediction model on the pressure distribution within PSW in diverging combustors was 
proposed to apply to ramjet-mode model, and verified in comparison to the experimental results.  The 
correlation between the PSW penetration length and pressure-rise was in agreement within 21% with 
experimental results in the half-diverging and diverging combustors.  The proposed PSW correlation 
could be effective in the fight Mach number range of 3 to 6.  In the limit, the PSW correlation would 
predict the PSW penetration length more shortly against a certain peak pressure in the cases with 1) the 
PSW penetrating more upstream and 2) the diverging angle being more than 5.0 degrees. 
Under using the PSW correlation and giving the combustion efficiency distribution deduced from 
experiments, the ramjet-mode model could predict the penetration length and the peak pressure within 
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Base-Modeling for Combustion Efficiency Distribution in 
Streamwise Direction 
4.1 Introduction 
As mentioned in the previous chapter, combustion efficiency distribution in streamwise direction 
was required for predicting the flow states at the ramjet-mode operation in the diverging combustor 
(‘ramjet-mode model,’ as described in Chap. III).  The final goal of the present study was to develop 
the prediction model applicable to different fuels such as H2 and hydrocarbon fuel, so that some 
prediction models for H2- and hydrocarbon-fueled combustion efficiency distributions were required.  
However, those for hydrocarbon-fuel have not proposed in the open literatures.  On the other hand, 
some prediction models for H2-fuel were proposed, while these had limitations as will be shown below.  
Therefore, for the first step of modeling the combustion efficiency distribution applicable to any type of 
fuel, a base-model was developed for predicting combustion efficiency distribution of H2 fuel in the 
streamwise direction, based on some previous prediction models for H2 combustion efficiency 
distribution. 
A model for predicting H2 combustion efficiency distribution was so called ‘NASA recipe’, which 
was proposed by Northam et al. [4-1] and Diskin et al. [4-2], based on mixing experiments in non-
reactive supersonic flow.  In the NASA recipe, at first, H2 mixing efficiency distribution ( 𝜂𝑚) in the 
perpendicular injection case was expressed as a function of both streamwise distance from injector (Linj) 
and the equivalence ratio (  ) with the following equation; 





where 𝑥𝜙  =  {
0.179 𝑒1.72𝜙 𝑥𝑙                (𝜙 < 1)
3.333 𝑒−1.204𝜙 𝑥𝑙           (𝜙 ≥ 1)
 
and xl denoted the complete mixing length with  = 1 as the function of vertical gap between injectors 
(Hinj), written by 
𝑥𝑙 = 60𝐻𝑖𝑛𝑗  (4.2) 
In the NASA recipe, 𝑥𝜙 could be rewritten as the follows; 
 𝑥𝜙  =  {
𝑒1.72(𝜙−1) 𝑥𝑙               (𝜙 < 1)
𝑒−1.204(𝜙−1) 𝑥𝑙          (𝜙 ≥ 1)
 (4.3) 








 1.01 + 0.176 ln
𝐿𝑖𝑛𝑗
𝑥𝑙
− 0.30272(𝜙 − 1)                (𝜙 < 1)
1.01 + 0.176 ln
𝐿𝑖𝑛𝑗
𝑥𝑙
+ 0.211904(𝜙 − 1)                (𝜙 < 1)
 (4.4) 
Here, by defining the mixing efficiency with  = 1 as 𝜂𝑚(𝐿𝑖𝑛𝑗, 1) and the inclination of mixing 
efficiency against equivalence ratio as , 𝜂𝑚(𝐿𝑖𝑛𝑗, 𝜙) could be written by as follows; 
𝜂𝑚(𝐿𝑖𝑛𝑗, 𝜙) = 𝜂𝑚(𝐿𝑖𝑛𝑗, 1) + 𝛼(𝜙 − 1) 
(4.5) 




     𝛼 =  {
−0.30272               (𝜙 < 1)
0.211904                (𝜙 ≥ 1)
 
Therefore, mixing efficiency distribution with a certain equivalence ratio could be predicted in the 
following procedure; mixing efficiency distribution with  = 1 was predicted at first, and then 𝛼(𝜙 −
1) was added to express in  ≠1 cases.  Finally, the H2 combustion efficiency distribution (𝜂𝑐) was 
set to be equal to the mixing efficiency distribution under assumption that of reaction delay in negligibly 
small, written by  
𝜂𝑐(𝐿𝑖𝑛𝑗, 𝜙) = 𝜂𝑚(𝐿𝑖𝑛𝑗, 𝜙)  (4.6) 
The difficulty to use of NASA recipe was its limitation on the cross-sectional geometry and injector 
diameter (d) scale.  Figure 4.1 shows the schematic diagram of the combustor geometry presupposed 
in the NASA recipe.  In their combustor, the ratio of vertical gap between injectors (Hinj) and spacing 
between injector orifices (Sinj) was fixed as unity, with Hinj being 15 times that of injector diameter.  It 
was unknown whether the NASA recipe could predict the combustion efficiency distribution in other 
combustor geometries. 
Another prediction model was proposed by Birzer et al. [4-3], deducing mixing efficiency 
distribution (𝜂𝑚(𝐿𝑖𝑛𝑗)) with the following equation based on CFD calculations; 
𝜂𝑚(𝐿𝑖𝑛𝑗) = 1.06492 (1 − 𝐸𝑋𝑃{−3.69639(𝐿𝑖𝑛𝑗/𝑥𝑙)
0.80586} 












where Linj denotes the streamwise distance from the injector, and Mc denotes the convective Mach 
number.  They also assumed fast chemistry (Eq. (4.6)), to deduce the combustion efficiency 
distributions.  However, the complete mixing length (xl) was only for the parallel injection behind a 
strut, not suitable to the targeted wall injections in the present study.  Although their prediction model 
gave some insight to take injection conditions into account as will be discussed below, this model was 
not referred as the base of the proposed model in this chapter.  
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In this chapter, the base-model to predict the combustion efficiency distributions of H2 fuel was 
proposed.  In the following, the base-model for prediction of the combustion efficiency distribution is 
denoted as ‘c distribution base-model’.  In the c distribution base-model, the construction of the 
NASA recipe was referred because their model was simple in the point that the effect of equivalence 
ratio and the mixing efficiency distribution with equivalence ratio of unity was evaluated separately.  
Note that it was assumed that the reaction delay was negligible, so that combustion efficiency was equal 
to mixing efficiency also in the proposed model.  At first, the base-model to predict the H2 combustion 
efficiency distribution in the different combustor geometry than the NASA recipe was constructed by 
fitting the combustion test results in the 3.0 degrees half-diverging combustor (3.0-half-div.).  Then, 
comparison of combustion efficiency distributions between the previous experiments with other 
combustor geometries and the prediction by the c distribution base-model was conducted to confirm 
the generality of the proposed base-model.  Finally, by using the PSW correlation (described in Chap. 
III) and the c distribution base-model, pressure distributions and thrust increment by combustion were 




Figure 4.1 Schematic diagram of combustor geometry in the NASA recipe [4-1]. 
 
4.2 Combustion Efficiency Distribution Base-Model Proposal 
4.2.1 Combustion Efficiency Distribution in the Half-Diverging Combustor 
For constructing the c distribution base-model, combustion test results in the 3.0 degrees half-
diverging combustor were used.  The method of deducing the combustion efficiency distribution by 
one-dimensional analysis was described in section 2.2.6.  Figure 4.2 shows normalized wall pressure 
distributions at various H2 equivalence ratio ( ) with the P1, P2 and P3 injection in the 3.0 degrees half-
diverging combustor, respectively.  These data were reproduced from Fig. 3.5 (P1), Fig. 3.8 (P2) and 
Fig.3.10 (P3), respectively.  Note that all cases were under ramjet-mode operation.  Figure 4.3(a) 
shows the one-dimensionally deduced combustion efficiency distributions with the P1 injection.  The 
error of the deduced combustion efficiency was evaluated as ±5%, as described in section 2.2.6.  With 
the P1 injection in Fig. 4.3(a), combustion efficiency with  = 0.98 was lower than these with  = 1.12, 
７２ 
 
showing that a long length was required for complete mixing as fuel equivalence ratio approached unity.  
For either fuel rich or lean combustion, the mixing length was shorter because only a portion of fuel or 
oxidizer should be mixed with whole oxidizer or fuel for complete mixing.  As the result, combustion 
efficiency with  = 1 was the lower than the others.  Combustion efficiency with  = 1.12 increased 
rapidly until about 200 mm downstream of injector, then gradually increased behind thermal choking 
location (closed symbols in Fig. 4.3(a)).  The same trend that combustion efficiency gradually 
increasing behind thermal choking location was observed in the case with  = 0.98.  Considering that 
the combustion efficiency distribution was often approximated logarithmically [4-2], some factors 
expected to influence combustion behind thermal choking location to cause this very slow growth of 
combustion efficiency.  Asymmetric combustor flow path due to half-divergence, and too close 
location of the injector to the origin of the divergence would have influenced to combustion process, 
these effects could not be expressed in the proposed model in the present study.  Therefore, for 
modeling of the combustion efficiency distribution, the combustion efficiency distributions behind 
thermal choking with the P1 injection in 3.0 degrees half-diverging combustor were excluded in this 
study.   
Figure 4.3(b) shows the one-dimensionally deduced combustion efficiency distributions with the 
P2 and P3 injections.  Unlike the P1 injection, combustion efficiencies with the P2 injection increased 
with the streamwise distance behind the thermal choking location.  With the P3 injection, combustion 




Figure 4.2 Wall pressure distributions at ramjet-mode operation with P1, P2 and P3 injection in the 3.0 
degrees half-diverging combustor.  
 












































Figure 4.3 One-dimensionally deduced combustion efficiency distribution at a) P1 injection and b) P2 



































































4.2.2 Combustion Efficiency Distribution Base-Model  
In the c distribution base-model, the reaction delay effect was assumed to be negligible due to very 
short reaction delay for the H2 fuel in the pressure and temperature recovered airflow for the ramjet-
mode operation, so that the combustion efficiency distribution was identical to the mixing efficiency 
distribution (𝜂𝑐= 𝜂𝑚).  The mixing efficiency distribution with =1 was expressed as the logarithmic 
curve, then added the effect of equivalence ratio as 𝛼(𝜙 − 1), written by 
𝜂𝑚(𝐿𝑖𝑛𝑗, 𝜙) = 𝜂𝑚(𝐿𝑖𝑛𝑗, 1) + 𝛼(𝜙 − 1) 
(4.8) 




        𝛼 =  {
−0.30272               (𝜙 < 1)
0.211904                (𝜙 ≥ 1)
 
This equation was referred to the NASA recipe.  In the NASA recipe case, the complete mixing length 
(xl) with =1 was defined as 60 times of vertical gaps between the injection walls (Hinj) shown in Fig. 
4.1, that is, 900 times of injection orifice diameter (d).  Figure 4.4 shows plots of combustion efficiency 
distributions against correlation parameter, Linj/xl EXP({( -1)/0.176} with xl = 60Hinj.  This 
correlation parameter in the horizontal axis was obtained from Eq. (4.9), written by  







)  (4.9) 
The solid line in Fig. 4.4 show the logarithmic curve of Eq. (4.9) as prediction.  The predicted 
combustion efficiency was lower than experimental data, discrepancy of combustion efficiency being 
about 40 % at most.  Discrepancy was caused by difference in length for complete mixing with  = 1 
between the present and NASA’s combustors.   
In the case with xl = 60Hinj, the length for complete mixing was function of only the combustion 
height.  However, the combustor cross-sectional geometry per one injection orifice was different 
between the present and NASA’s combustors.  Table 4.1 summarizes the combustor cross-sectional 
geometries in each test configurations.  Note that the spacing was different between injection orifice 
near the sidewall (27.15 mm) and near the centerline (20 mm) in the present half-diverging combustor, 
so that the averaged value of the spacing was used in Table 4.1.  Compared to the combustor geometry 
of the NASA recipe, the Hinj were 22~81% large in the case with both-wall injections, while the spacing 
between the injector orifices (Sinj ) were 37~47% small.  The aspect ratios (Hinj/Sinj) in the present 
combustors were 2.33~3.0 times larger than that of the NASA’s combustor.  These differences of the 
combustor cross-sectional geometry would change the length for complete mixing.  Thus, the 
modification of the complete mixing length was required for applying the c distribution base-model in 
the different combustor geometry. 
To begin with, it was expected that the injector orifice diameter would be the better indicator 
governing mixing process.  On the other hand, the airflow cross-sectional area, and thus, the airflow to 
jet cross-sectional area ratio, might also play an important role.  Referring Eq. (4.9) by Birzer et al. [4-
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3], the only variable appeared in the complete mixing length prediction was mass flux ratio for fixed 
fuel (hydrogen) at fixed injection condition (sonic injection, in the present case).  For fixed equivalence 
ratio, mass flow rate ratio should be constant for fixed fuel (H2), the remaining variable was the airflow 
to fuel cross-sectional area ratio.  Thus, combustor cross-sectional area per one injection orifice (denote 
as Aequiv) should be taken into account to predict mixing process.  The larger Aequiv, the mixing length 
would be longer because it took more time for fuel to distribute within the airflow cross-section.  Thus, 
it was assumed that the complete mixing length with =1 was function of the ratio of combustor cross-
sectional area and ‘equivalent’ orifice diameter (denote as ‘dequiv’).  The equivalent orifice diameter 
was defined as the combustor cross-sectional area per one injector orifice being identical to that with 
the NASA recipe, that is 













Then, the complete mixing length with  = 1 was expressed by  
𝑥𝑙 = 𝐶𝑚𝑖𝑥 𝑑𝑒𝑞𝑢𝑖𝑣  (4.11) 
where 𝐶𝑚𝑖𝑥 denote as the coefficient for complete mixing.  Note that Aequiv,NASA was simply a reference 
value, and if another reference value was selected, another 𝐶𝑚𝑖𝑥 would be deduced.  Also note that 
mixing parameter between fuel and air such as dynamic pressure ratio and mass flux ratio, should also 
affect the mixing length, but the coefficient was determined as the constant value in this chapter as these 
mixing parameters were almost fixed for sonic hydrogen jet against recovered subsonic airflow through 
the PSW.  The effect of injection conditions, namely through fuel type, on 𝐶𝑚𝑖𝑥 will be discussed in 
the next chapter.  Therefore, 𝐶𝑚𝑖𝑥 was deduced by fitting the experimental H2 combustion efficiency 
distributions with the P2 injection in the half-diverging combustor.  Figure 4.5 shows comparison of 
the combustion efficiency distributions with the P2 injection between the experiment and predictions 
(by Eq.(4.9) and (4.11) ) at various 𝐶𝑚𝑖𝑥.  The equivalent injection diameter was shown in Table 4.1. 
With increasing 𝐶𝑚𝑖𝑥 (i.e., shortening the length for complete mixing), a higher combustion efficiency 
distribution was predicted.  From fitting the combustion efficiency with the P2 injection ( =1.22), the 
prediction result of the combustion efficiency distribution with 𝐶𝑚𝑖𝑥=440 was in good agreement with 
the experimental result.  Note that this number was different from the value (900) in the NASA recipe.  
As noted before, the NASA recipe was based on non-reacting, mixing experiments in supersonic flow, 
while the present target and results were for the ramjet-mode operation, the airflow being experienced 
pressure recovery to subsonic through the PSW, so that mixing length could be sizably reduced.  To 
sum up, the c distribution base-model could be obtained from Eq.(4.8) and (4.11), written by 
𝜂𝑐(𝐿𝑖𝑛𝑗, 𝜙) = 𝜂𝑚(𝐿𝑖𝑛𝑗, 1) + 𝛼(𝜙 − 1) 
(4.12) 










𝛼 =  {
−0.30272               (𝜙 < 1)
0.211904                (𝜙 ≥ 1)
 
Equation (4.12) was also written by 






(𝜙 − 1)}]  (4.13) 
Figure 4.6 shows comparison of the combustion efficiency distributions with the P1, P2 and P3 
injection at various equivalence ratios.  Note that horizontal axis indicates the correlation parameter in 
Eq.(4.13) as Linj/440dequiv EXP({( -1)/0.176}.  Although combustion efficiency values scattered 
especially nearby the injector in some cases, the proposed c distribution base-model could predict the 
combustion efficiency distributions within ±10% in the half-diverging combustor.  The effect of 10% 
deviation of c on pressure prediction by ramjet-mode model will be discussed later. 
 
 
Table 4.1 Combustor cross-sectional geometry 
Test configuration Hinj , mm Sinj , mm Hinj/Sinj Aequiv (=1/2Hinj Sinj), mm2 dequiv , mm 
*P1 injection 54.9 (18.3d) **23.6 (7.9d) 2.3 647.5 (71.9d2) 2.40 
*P2 injection 62.8 (20.9d) **23.6 (7.9d) 2.7 740.1 (82.3d2) 2.56 
*P3 injection 70.7 (23.6d) **23.6 (7.9d) 3.0 832.8 (92.5d2) 2.72 
NASA recipe -   (15d) - (15d) 1 -   (112.5d2) - 
*  injection on both sides 








Figure 4.4 Comparison of combustion efficiency distribution between the experiment and prediction 
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Figure 4.6 Comparison of combustion efficiency distribution between the experiment and prediction 
with xl = 440dequiv. 
 
 
4.3 Application Range of Combustion Efficiency Distribution Base-Model 
 In the previous section, the c distribution base-model was constructed by fitting the experimental 
combustion efficiency distributions in the 3.0 degrees half-diverging combustor.  However, it was 
unknown that the proposed c distribution base-model could apply to different combustor geometries 
and fuel/air conditions.  In particular, the effects of combustor divergence angle and combustor aspect 
ratio on the combustion efficiency distribution should be addressed to evaluate applicability of the 
proposed model.  In addition, the injection scheme (e.g., perpendicular injection or parallel injection) 
was also important factor affecting the combustion efficiency distributions.  Therefore, application 
range of the c distribution base-model was evaluated by comparing prediction and experiments on 
combustion efficiency distributions in different diverging combustors. 
 
4.3.1 Application to Cases with Various Diverging Angle 
To verify the application range of the c distribution base-model in the different divergence angle, 
combustion test results of the 1.55 and 3.1 degrees diverging combustor were used [4-4, 4-5].  As 
mentioned in Chap. II, data with the 6.2 degrees diverging combustor were also available, however, the 
possible effects of rapid expansion could be seen in the deduced combustion efficiency [4-5].  Thus, 
the data with the 6.2 degrees diverging combustor were excluded.  Test configurations and test 
conditions of the 1.55 and 3.1 diverging combustor are shown in Fig. 2.8 and Table 2.1, respectively. 
In addition, to compare directly measured combustion efficiency over the cross-section with the 




































prediction, the gas sampling results of the 3.1 degrees diverging combustor (with a strut) were used [4-
6].  For distinction, the combustors with 1.55, 3.1(without a strut) and 3.1(with a strut) degrees 
divergence angle are denoted as ‘1.55-div.’, ’3.1-div.’ and ‘3.1-div.-strut’, respectively.  Figure 4.7 
shows the schematic diagrams of the test configuration in the 3.1-div.-strut case.  An injector 
(d=2.5mm, 4 on each sidewall in each set) was installed 296 mm downstream of the step, fuel injected 
at sonic speed through perpendicular injection orifices.  Total pressure and temperature of airflow were 
1.0 MPa and 1500 K.  The test gas was accelerated through the facility nozzle to Mach 2.5.  Total 
temperature and Mach number was corresponded to Mach 6 flight condition. 
Table 4.2 summaries the combustor cross-sectional geometry and the effective diameter, that with 
the P2 injection in the 3.0 half-diverging combustor being shown for comparison.  Compared to the 
case with the P2 injection, combustor height was larger and spacing was the same among the three cases, 
so that the calculated equivalent orifice diameters with the 1.55 and 3.1 diverging combustors were 
larger than that in the P2 injection case.  
Figure 4.8(a)~(c) show the wall pressure distributions (open symbols) and one-dimensionally 
deduced combustion efficiency distributions (closed symbols) in the 1.55-div., 3.1-div., and 3.1-div.-
strut cases, respectively.  The deduced thermal choking location (deduced from the Mach number 
distribution) was also shown.  In all cases, the PSW penetration was observed at the upstream of the 
injector, while the peak pressure-rise was observed near the injector.  The combustion efficiency 
distributions increased in the streamwise direction.  In Fig. 4.8(a) and 4.8(b), combustion efficiency 
was low as equivalence ratio being closer to unity, showing that the longer mixing length was required 
for complete mixing with =1.  
Figure 4.9(a) and 4.9(b) show comparison of the combustion efficiency distributions between the 
experiments and the prediction by the c distribution base-model.  The closed symbols in the figure 
show combustion efficiency behind the thermal choking location.  The predicted combustion 
efficiency distribution was over-estimated compared to the experiments.  In reality, separated region 
would be generated nearby the injector due to blockage effect and airflow cross-section would change 
in the streamwise direction to absorb such rapid pressure change in the subsonic flow, but simulating 
such separation was difficult in the one-dimensional analysis.  On the other hand, the prediction was 
in good agreement with the experiments (within 7 %), showing that the c distribution base-model 
worked reasonably well near and behind the thermal choking location in the 1.55 div. case.  With 3.1-
div. in Fig. 4.9(b), sizable discrepancy in combustion efficiency between predictions and experiments 
in front of the thermal choking location could be seen, while a good agreement in combustion efficiency 
near/behind the thermal choking location could be seen.  Figure 4.10 shows comparison of the 
combustion efficiency distribution and the measured combustion efficiency at the combustor exit by gas 
sampling [4-6].  Although the predicted combustion efficiency distribution tended to be higher than 
the experiments, these deviations were within 10%.  Compared to the measured combustion efficiency 
by gas sampling, the prediction was almost same at the exit of the combustor, showing that the 
combustion efficiency distribution could be predicted in the 3.1 degrees diverging combustor regardless 
of a strut at the upstream of the injector.  
８０ 
 
In conclusion, the proposed c distribution base-model could be applied in the case with diverging 
combustors within diverging angle by 3.1 degrees.  In the limit, combustion efficiency nearby the 














Table 4.2 Combustor cross-sectional geometry and equivalent diameter 
Test configuration Hinj , mm Sinj , mm d mm Hinj/Sinj Aequiv , mm2 dequiv , mm 
1.55-div. 68.0 23.6 2.5 2.9 801.5 2.67 
3.1-div. 68.0 23.6 2.5 2.9 801.5  2.67 
3.1-div.-strut 81.0 23.6 2.5 3.4 954.7  2.91 












(b) 3.1 degrees diverging combustor [4-5]. 
 


































































































































(c) 3.1 degrees diverging combustor with a strut [4-6]. 
 





(a) 1.55 degrees diverging combustor. 
 
 


































































































(b) 3.1 degrees diverging combustor. 
 




Figure 4.10 Comparison of the combustion efficiency distribution and the measured combustion 
efficiency at the combustor exit [4-6]. 
 




































































measured by gas sampling
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4.3.2 Application to Cases with Various Combustor Geometry 
To verify the application range of the base-model for different combustor geometry, especially in 
terms of the duct aspect ratio and the area ratio, the two combustion test results with the different 
combustor geometry were used.  One was with the combustor height being shorter than combustor 
width, that is, the combustor aspect ratio (H/W) being small [4-7].  Another was with the cross-section 
being close to the square and many injectors being located on all side walls [4-8].  
 
4.3.2.1 Comparison with Low Combustor Aspect Ratio 
Figure 4.11 shows the schematic diagrams of the test configuration [4-8].  This combustor 
consisted of the constant-area section and 1.7 degrees (half-divergence angle) diverging section.  In 
addition, a 120mm straight duct was added at the exit of the diverging section to attain thermal choking 
at the duct exit.  The cross-sectional area at the combustor entrance was 32×147.3 mm2, while that at 
the injector location (shown as ‘inj 6’ in Fig. 4.11) was 58.4 (H) ×147.3 (W) mm2.  The combustor 
aspect ratio at the injection location (H/W) of 0.217 was 67% lower than that in the case with the P2 
injection of 0.666.  The injector had nine orifices, each orifice diameter being 4.0 mm (seven orifices) 
and 2.8 mm (two orifices).  Orifice configuration at the cross-section is shown in Fig. 4.11.  The 
spacing between injectors (Sinj) was different from each orifice, so that the averaged value by 32.7 mm 
was used in the prediction model.  The combustor cross-sectional geometry at the injection location 
and the equivalent orifice diameter are summarized in Table 4.3.  Air total pressure and temperature 
were 1.0 MPa and 800 K, respectively, Mach number at the combustor entrance being 2.5.  The flow 
enthalpy was similar to that in the Mach 4 flight conditions.  In this condition, auto-ignition was 
difficult due to low temperature [4-7], so that a torch igniter [4-8] was installed at upstream of the 
injector location. 
Figure 4.12 shows the wall pressure distributions with fuel injection in the upstream constant-area 
section and diverging section (=0.3) [4-7].  Only the data with injection in the diverging section 
(shown as ‘downstream combustion ramjet-mode’ with closed circles in Fig. 4.12) was used in the 
present study.  The PSW penetration was observed in the diverging combustor region.  Peak pressure 
location was near the injector, showing the ramjet mode operation was attained with  = 0.3 in the 
diverging combustor.  Figure 4.13 shows one-dimensionally deduced Mach number and combustion 
efficiency distributions [4-7].  The averaged Mach number at the injection location was less than unity, 
so that thermal choking occurred at the exit of the combustor.  Combustion efficiency increased with 
distance in the downstream of the injector, although combustion efficiency nearby the injector showed 
plateau at about 0.5. 
 
Table 4.3 Combustor cross-sectional geometry and equivalent orifice diameter 
Hinj , mm Sinj , mm d mm Hinj/Sinj Aequiv , mm2 dequiv , mm 
58.4 *32.7 4.0 or 2.8 1.78 1911 2.91 




Figure 4.13 shows comparison of the combustion efficiency distributions between the experiment 
and the prediction by the c distribution base-model.  Figure 4.13 also shows the ‘measured’ 
combustion efficiency at the exit of combustor (264 mm downstream from the injection location) by gas 
sampling.  Differences in combustion efficiency between the prediction and the experiment could be 
seen nearby the injector, probably due to flow separation due to the blockage effect of injection.  
However, from about 120 mm downstream of the injector, the base-model could precisely predict the 
combustion efficiency distribution within ±5%.  Compared to the measured combustion efficiency by 
gas sampling, the prediction was in good agreement within 7%.  As the result, the c distribution base-




















Figure 4.13 One dimensionally deduced Mach number distributions and combustion efficiency 







Figure 4.14 Comparison of combustion efficiency distribution and measured combustion efficiency at 
combustor exit [4-7]. 
 
4.3.2.2 Comparison with Large Combustor Aspect Ratio 
 Figure 4.15 shows the schematic diagrams of the test configuration [4-9].  Engine model firing 
tests were conducted under Mach 6 flight condition at the blow-down type, free-jet wind tunnel facility 
in Kakuda Space Center, JAXA.  Total pressure and total temperature at the engine entrance were 4.78 
MPa and 1480 K, respectively, with freestream Mach number of 5.3.  At the downstream of the inlet 
and isolator section, a 3.1 degree half-diverging combustor section was located (shown as lower 
combustor in Fig. 4.15).  There were totally four streamwise injections on all-side walls, and 
combustion test results with injection at the first and third injection port (denote as ‘Div1’ and ‘Div3’, 
respectively) were used in the present study.  The cross-sectional areas were 145×220 mm2 (Div1) and 
185×220 mm2 (Div3), thus combustor aspect ratio were 0.66 and 0.84, respectively.  In particular, the 
combustor aspect ratio at Div3 was 9.2 % larger than that at the P3 injection location in the 3.0 degrees 
half-diverging combustor mentioned in section 4.2.  The injector orifices with each diameter by 2.0 
mm were located on 5 on top wall, 5 on ramp wall and 4 or 5 on each sidewall, as shown in Fig. 4.15.  
Table 4.4 summaries the combustor geometry and the calculated equivalent orifice diameter.  In the 
case with injection on all-side walls, definition of the vertical gap and spacing between injector was 
ambiguous.  In the present validation, shorter side length (145 mm (Div1) and 185 mm (Div3)) was 
defined as vertical gap (Hinj) while longer side length by 220 mm was used for determining the spacing 
between injectors (Sinj).  If definition of the gap and spacing was opposed, the deduced equivalent 
orifice diameter was larger in the case with Div1 injection, while the equivalent diameter was same in 
the case with Div3 injection.   




































Figure 4.16 show the wall pressure distributions with ~1.3 [4-9].  With injection at both Div1 
and Div3, PSW penetration was observed at upstream of the injector, then stopped at the isolator section.  
Pressure-rise level in the Div3 case was higher than that in the Div1 case.  From deduced Mach number 
distributions by one-dimensional analysis, thermal choking occurred in the almost exit of the combustor 
in both Div1 and Div3 cases [4-9]. 
 Figure 4.17 shows one-dimensionally deduced combustion efficiency distributions with ~1.3 [4-
9].  Regardless of the injection location, the combustion efficiency increased with streamwise distance.  
At the combustor exit, the combustion efficiency was almost unity.  The increase rate of the combustion 
efficiency with the Div3 injection was higher than that with the Div1 injection, more intensive shock 
train in the Div3 case causing more intensive turbulence to enhance mixing [4-2, 4-9]. 
Figure 4.18 shows comparison of the predicted and one-dimensionally deduced combustion 
efficiency distributions in the Div1 and Div3 cases.  The measured combustion efficiency at the 
combustor exit (Div1 only) was also shown in the figure.  As the result of the prediction with 
xl=440dequiv in the base-model, the prediction curve of the combustion efficiency distributions was close 
between Div1 and Div3 injection cases because complete mixing length with =1.25 (Div1) and =1.32 
(Div3) coincidentally corresponded.  In the Div1 injection case, discrepancy between the prediction 
and experiments (one-dimensional deduction) nearby the injector could be seen, showing that the base-
model could not predict the combustion efficiency near by the injector precisely, like the previous cases.  
However, at further downstream of the injector location (about 100 mm downstream of injector), the 
predicted combustion efficiency distribution was in good agreement with the experiments.  Although 
the prediction underestimated combustion efficiency compared to experiments with the one-dimensional 
deduction in the downstream straight duct, the prediction was in good agreement with the measured 
combustion efficiency by gas sampling at the combustor exit within 3%.  Tomioka et al. expected that 
the prediction accuracy of the experimental combustion efficiency by one-dimensional analysis to be 
about ±10%, as shown as error bars in Fig. 4.18 [4-9].  Considered to the deduction accuracy of the 
combustion efficiency distribution by one-dimensional analysis, the base-model worked reasonably well 
in the diverging combustor.  Judging from agreement with the measured combustion efficiency (by gas 
sampling) and reasonable agreement with the combustion efficiency distributions by one-dimensional 
analysis, c distribution base-model could be applied in the case with the Div1 injection, except nearby 
the injector. 
 In the Div3 case, a large discrepancy in combustion efficiency between the prediction and 
experiment could be seen in the downstream straight duct.  For the flow near the ramp-side wall (the 
upper wall in Fig. 4.15), the turning from the diverging duct to the straight duct acting as a sudden 
contraction, might cause changes in flow structure and in the mixing process, especially for the Div3 
case with the origin of the straight duct close to the injector location (distance/dequiv of 28, note it was 50 
in low aspect ratio combustor case in section 4.3.2.1).  These changes could result in both errors in 
combustion efficiency deduction by the one-dimensional analysis, and in the complete mixing length 
prediction.  The complicated injector arrangement in the engine model than other combustors would 
also result in sizable error in prediction by the proposed base-model based on data from 2D-like 
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combustor, especially in determination of the equivalent orifice diameter.  As the prediction and 
measurement matched in the upstream portion of the Div1 injection case, the change in the divergence 
might be major cause of the discrepancy between the prediction and measurement (the one-dimensional 
deduction), however, the downstream straight duct might be omitted for accelerating flight with variable 
thermal choking location required, so that discrepancy between the prediction and experiments would 
be reduced.  
 As the result of application of the c distribution base-model to the different combustor geometry, 
the base-model could be applied in the range of combustor aspect ratio from 0.22 to 0.75.  In the limit, 
the combustion efficiency nearby the injector could be sizably under-estimated.  The change in 
divergence near the injector and the complex injection configuration would result in deviation between 










Figure 4.15 Schematic diagram of test configuration in the diverging combustor [4-7]. 
 
 
Table 4.4 Combustor cross-sectional geometry and equivalent orifice diameter 
injection location Hinj , mm Sinj , mm d mm Hinj/Sinj Aequiv , mm2 dequiv , mm 
Div1 72.7 44 2.0 1.65 3199 5.33 
Div3 92.5 44 2.0 2.10 4070 6.01 
 

















Figure 4.18 Comparison between prediction, one-dimensional deduction, and direct measurement of 
combustion efficiency at the combustor exit with Div1 [4-9]. 
 
4.3.3 Application to Various Injection Scheme 
Applicability of the c distribution base-model to different injection scheme was evaluated using 
combustion data with so-called ramp injector proposed by Northam et al. [4-10]. 
Figure 4.19(a) and (b) shows schematic diagram of the test configuration and the ramp injector [4-
10].  Combustion tests were conducted at a blow-down type facility at NASA Langley Research Center.  
The total pressure was 0.795 MPa, and total temperature was varied from 1400 to 2200 K.  For 
validation of the base-model, the test results with total temperature (Tt,a) of 1700K were used in the 
present study.  The combustor was directly connected at the exit of a Mach 2 facility nozzle, its cross-
sectional area at the entrance being 38.4×87.9mm2.  The combustor had a constant-area section, and 
two diverging sections with two different divergence angles (3.0 and 2.0 degrees) in series.  At 102 
mm downstream of the entrance, ramp injector was placed in the constant area section, injector being 
shown in Fig. 4.19(b).  The injector had two injection orifices, fuel was injected at Mach 1.7 as parallel 
injection from the base of the ramp, with nozzle diameter of the orifice being 7.11 mm.  Table 4.5 
summaries the combustor geometry and calculated equivalent orifice diameter. 
Figures 4.20(a) and 4.20(b) show the wall pressure distributions and one-dimensionally deduced 
Mach number distributions at various equivalence ratio with Tt,a=1700 K [4-10].  Pressure-rise was 
initiated around the fuel injector location.  The ramps caused so-called streamwise vortexes, which 
suppressed the penetration of the shock train.  Deduced Mach number distributions in Fig. 4.20(b) 
shows that the averaged flow Mach number was just less than unity in some regions at =0.97 and 1.2.  
Mixed flow conditions, i.e., the supersonic core flow surrounded by large subsonic separation [4-11], 
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were expected in these conditions, and pure ramjet-mode operation was not available in the literature. 
Figure 4.21 shows one-dimensionally deduced combustion efficiency at 388 mm downstream of 
the injector location against total equivalence ratio.  Combustion efficiency at this location was 
0.42~0.6 for the case with  greater than unity at Tt,a=1700 K.  Table 4.6 summarizes the one-
dimensionally deduced combustion efficiency at 388 mm downstream of the injector location and 
predicted value at the same location for  of 1.0 and 1.2.  The c distribution base-model over-predicted 
combustion efficiency by 56 % for  = 1.0 case and by 46 % for  of 1.2. 
This discrepancy was due to the difference in injection scheme.  The ramp injector was a kind of 
parallel injection to use injection momentum for thrust production while enhancing mixing through 
streamwise vortices production, showing different mixing characteristics, so that Cmix of 440 for 
hydrogen sonic and perpendicular injection, could not be applied to this injection scheme.  Thus, 
different Cmix should be applied for different injection scheme even if the equivalent orifice diameter 
was introduced.  Birzer et al. did the same to change the magic number of 390 for perpendicular 
injection to other numbers for other injection schemes [4-3].  Even for the same perpendicular injection, 
different injection dynamic pressure by changing injection Mach number, for example, could affect the 
mixing process. 
 
Evaluations of applicability of the c distribution base-model were conducted using data from 
literature, and the results were summarized as follows; 
1) Jet to airflow interactions including generation of separation due to blockage brought sizable error 
in the prediction of combustion efficiency around the fuel injector. 
2) The c distribution base-model could predict the combustion efficiency distribution in the diverging 
ducts with their angles between 1.55 and 3.1 degrees.  Also, the c distribution base-model could 
predict the combustion efficiency distribution in the combustors with their aspect ratios between 
0.22 and 0.75.  However, there were some factors to cause deviation between the prediction and 
experiments such as change in divergence near injector and non 2D-like injector arrangement. 
3) Different coefficients were required for different injection scheme other than the current hydrogen, 
sonic, perpendicular injection.   
 
 
Table 4.5 Combustor cross-sectional geometry and equivalent orifice diameter 
Hinj , mm Sinj , mm d mm Hinj/Sinj Aequiv , mm2 dequiv , mm 









(a) test configuration 
 
(b) ramp injector 
 
Figure 4.19 Schematic diagram of test configuration and ramp injector [4-10]. 
 
 





Figure 4.20(b) One-dimensionally deduced Mach number distributions with parallel injection [4-10]. 
 
 
Table 4.6 Combustion efficiency at Linj = 388mm. 
 = 1.0 = 1.2 
Prediction by Eq.(4.13) 0.75 0.79 
Experiments [4-10] 0.51 0.54 
 
 
4.4 Prediction Accuracy of Pressure Distribution with Combustion 
Efficiency Distribution Base-Model 
In this section, pressure distribution within the half-diverging duct was predicted by combining the 
PSW correlation proposed in Chap. III and the c distribution base-model proposed in this chapter.  
Predicted pressure distribution as well as the thrust increment by combustion was compared to the 
measurement to evaluate prediction accuracy. 
Figure 4.21 shows the measured (solid line with symbols) and predicted (dash line) pressure 
distributions with the P2 injection at  = 1.22.  The predicted pressure increased steeply near the 
injector, caused by effect of fuel mass addition while giving low combustion efficiency nearby the 
injector.  In the c distribution base-model, the correlation was logarithmic curve, so that the predicted 
combustion efficiency nearby the injector should be very low.  In the case with giving the low 
combustion efficiency to the subsonic flow in a diverging duct, further deceleration occurred as 
divergence effect exceeded heat release effect.  However, such pressure spike was never observed in 
the experiments.  In reality, separated region would be generated nearby the injector due to blockage 
effect and its cross-section would change in the streamwise direction to absorb such rapid pressure 
change in the subsonic flow, but simulating such separation was difficult with the one-dimensional 
analysis.  Therefore, in the present analysis, the pressure distribution deduced from the PSW 
９５ 
 
correlation was extended till the meeting point with the pressure calculated by conservations of mass, 
momentum and enthalpy with the predicted combustion efficiency distribution, as shown as the dotted 
line in Fig. 4.21. 
In Fig. 4.21, the predicted pressure distribution was in good agreement with the experiment pressure 
distribution.  The predicted PSW penetration length was also in good agreement within 5% compared 
to the experiment.  Discrepancy of peak pressure between the prediction at x=257 mm and experiment 
at x = 235 mm was 2.5 %, showing that peak pressure could be predicted precisely.  At downstream of 
the injector, the thermal choking occurred at x = 367 mm in the prediction, this location being in 
agreement within 2 % with the experimental thermal choking location (x=365 mm) deduced by the one-
dimensional analysis.  The predicted pressure distribution at downstream of the thermal choking 
location was almost same with that in the experiment.  The thrust increment by combustion (calculated 
as gain in pressure integration in the diverging section due to injection and combustion over the nonfuel 
case, see Ref. 4-12) was predicted as 245 N and measured as 247 N, so that error in the thrust 
performance prediction was within 1%. 
Here, sensitivity analysis of the combustion efficiency distribution on the pressure prediction was 
conducted to evaluate the effect of predicted combustion efficiency (by the c distribution base-model) 
accuracy on the predicted pressure distribution accuracy.  As mentioned above, the c distribution base-
model could predict the combustion efficiency distribution within about 10% at the ramjet-mode 
operation in the diverging combustor.  Therefore, the pressure distribution was predicted in two cases: 
the deduced combustion efficiency distribution being 10% higher or 10% lower than the distribution 
predicted from Eq. (4.13).  Figure 4.22 shows the predicted results with the P2 injection at  of 1.22 in 
the cases with 10% higher or lower combustion efficiency distributions.  The predicted results from 
Eq. (4.13) and experimental results were also reproduced for comparison. 
With 10 % higher combustion efficiency, the PSW penetration length was 20% longer and the peak 
pressure was 6% higher than the prediction with Eq. (4.13).  With 10 % lower combustion efficiency 
distribution, the PSW penetration length was 18% shorter and the peak pressure was 6 % lower than 
prediction with Eq. (4.13).  On the other hand, the pressure distributions at downstream of the injector 
in the cases with 10 % higher or lower combustion efficiency were deviated only by 2 %, and the thermal 
choking locations were deviated only by 2 %.  When heat release increased at downstream of the 
injector, reducing the total pressure loss was required to satisfy mass concentration at the choking point.  
Thus, the shock-train moved upstream toward lower Mach number condition, so that the total pressure 
loss through the shock train as well as friction loss was reduced.  As a result, the pressure distribution 
at upstream of the injector was sizably changed.  The deduced thrust increments by combustion with 
10% higher or lower combustion efficiency were 266 N and 222 N, respectively; thrust increment by 
combustion was deviated by ±9%. 
Judging from results of the sensitivity analysis, uncertainty of the PSW penetration length and the 
peak pressure predictions were within about ±20 % and ±6 %, respectively, while uncertainty of pressure 
distribution prediction at downstream of the injector was within ±2 %.  Uncertainty of the thrust 
increment prediction was within ±9%.  Accuracy of the combustion efficiency distribution was found 
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to have sizable impact on prediction of the pressure distribution in the PSW region. 
Figure 4.23 shows the experimental and predicted pressure distributions with the P1 and P3 
injections at  ~1.1.  With the P1 injection, the predicted PSW penetration length was 5% lower than 
the experiment.  The predicted pressure distribution at downstream of the injector was about 10% 
higher than the experiment due to given high combustion efficiency in the prediction, the reason of this 
large discrepancy was uncertain as described in section 4.2.1.  Thermal choking location was 201 mm 
(prediction) and 215 mm (experiment), the prediction being in good agreement with the experiment.   
The thrust increment by combustion was 252N (prediction) and 243N (experiment), 4% over-prediction 
of thrust increment being observed.  With the P3 injection, the predicted PSW penetration length was 
17% under-estimated.  In this case, the PSW origin was near the connection between the constant-area 
section and the diverging section, so that the expansion wave from the connection point would influence 
the local Mach number and boundary layer thickness to cause this rather large discrepancy.  The thrust 
increment by combustion was 209N (prediction) and 227N (experiment), 8% under-prediction being 
observed.  Under-prediction of thrust increment was caused by the discrepancy of the combustion 
efficiency distribution near the exit of combustor (i.e., thermal choking location with the P3 injection) 
shown in Fig. 4.6.  A further refinement on the c distribution base-model was required for accurate 
pressure prediction with the P3 injection. 
As the results of comparison with the measured pressure distributions at the ramjet-mode operation 
with the P1, P2, and P3 injections in the half-diverging combustor, the predicted pressure distributions 
by using the c distribution base-model were in good agreement with the experimental results especially 
between the injector and the thermal choking point.  Thrust increment by combustion could be 
predicted within ±8% in the P1, P2, and P3 injection cases.  A 10% discrepancy of combustion 
efficiency distribution would affect prediction accuracy of the PSW penetration length, the peak pressure 

























Combustion efficiency distribution in the streamwise direction was required to predict the flow 
states at the ramjet-mode operation in the diverging combustor with thermal choking location setting as 
arbitrary.  As the first step of developing the prediction method of the combustion efficiency 
distribution with various type of fuel, the c distribution base-model was proposed, which could predict 
the combustion efficiency distribution of H2 fuel in the flow field with negligible reaction delay.   
Although combustion efficiency distribution at downstream of the thermal choking location was over-
estimated in the half diverging combustor in some cases, the c distribution base-model could predict 
the combustion efficiency distributions within about 10% in the half-diverging combustor and the 
diverging combustor. 
Evaluations of the applicability of the c distribution base-model were conducted using data from 
literature.  Jet to airflow interactions including generation of separation due to blockage brought sizable 
error in the prediction of combustion efficiency around the fuel injector.  The c distribution base-
model could predict the combustion efficiency distribution in the diverging ducts with their angles 
between 1.55 and 3.1 degrees.  Also, the c distribution base-model could predict the combustion 
efficiency distribution in the combustors with their aspect ratios between 0.22 and 0.75.  However, 
there were some factors to cause deviation between the prediction and experiments such as change in 
divergence near injector and non 2D-like injector arrangement.  Different coefficients were required 
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for different injection scheme other than the current H2, sonic, perpendicular injection.   
Using the PSW correlation described in Chap. III and the c distribution base-model, the pressure 
distributions at the ramjet-mode operation with H2 injection at various streamwise locations in the half-
diverging combustor were predicted.  The predicted pressure distributions were in good agreement 
with the experimental results.  Thrust increment by combustion could be predicted within ±8%.  A 
10% discrepancy of combustion efficiency distribution would affect prediction accuracy of the PSW 
penetration length, of the peak pressure, and of the thrust increment by 20 %, 6 %, and 9%, respectively. 
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Effects of Fuel Type on Combustion Efficiency Distribution  
5.1 Introduction 
In the previous chapter, ‘c distribution base-model’, based on fast chemistry assumption, was 
proposed as the following equations; 
𝜂𝑐(𝐿𝑖𝑛𝑗, 𝜙) = 𝜂𝑚(𝐿𝑖𝑛𝑗, 1) + 𝛼(𝜙 − 1) 
(5.1) 








𝛼 =  {
−0.30272               (𝜙 < 1)
0.211904                (𝜙 ≥ 1)
 
In this model, mixing efficiency distribution with = was first obtained, then the distribution with  
was obtained by adding (−) , and then combustion efficiency distribution was deduced under the 
assumption that reaction delay was negligible.  For the next step, applicability of model for combustion 
efficiency distribution with hydrocarbon-fueled case was investigated. 
 In the last chapter, effects of combustor design parameters such as the cross-sectional geometry and 
injection configuration on the combustion efficiency distributions were focused, and mixing parameters 
such as dynamic pressure ratio and mass flux ratio were fixed for hydrogen, sonic injection, so that these 
parameters were included in the coefficients such as Cmix and .  However, to deal with different fuel 
such as hydrocarbons, mixing parameters should be different from these for hydrogen, mainly because 
of the difference in molecular weight and thermal properties.  Thus, to extend the base-model to other 
fuel than hydrogen, the difference in the thermal properties should be taken into account in both 
complete mixing length (𝑥𝑙) and the inclination of mixing efficiency against equivalence ratio (). 
 Also, fast chemistry assumption was adopted in the last chapter, i.e., reaction delay was assumed 
to be negligible doe to high reaction rate of hydrogen and recovered high pressure and temperature under 
the ramjet-mode operation.  However, hydrocarbons were known to have slower reaction rates [5-1], 
so that applicability of the fast chemistry assumption to the hydrocarbon cases was not certified. 
 Thus, in this chapter, to extend the basic-model to other fuel such as hydrocarbons, two issues need 
consideration were identified; 1) the effects of fuel type on mixing efficiency distribution and 2) effects 
of reaction delay on conversion of mixing efficiency to combustion efficiency.  
For understanding the effects of fuel type on mixing, at first, combustion test results in the 3.0 
degrees diverging combustor with different types of fuel (H2, C2H4, and C2H4+CH4 mixed gas) were 
compared.  The mixed gas was to manipulate reaction rate by changing the blending ratio.  It was 
evaluated what parameters in the c distribution base-model were affected by fuel type.  For 
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understanding the effects of reaction delay on conversion of mixing efficiency to combustion efficiency, 
the reaction delay time was calculated using Chemkin-II software code [5-2], The zero-dimensional 
chemical reaction calculation under constant pressure and adiabatic conditions was used to calculate 
reaction delay, and mean flow velocity was multiplied to attain reaction delay length.  From these 
findings, modification of the c distribution base-model was conducted.  Then, using the modified 
version of the c distribution base-model (denote as ‘c distribution modified-model’), the pressure 
distributions at the ramjet-mode operation in the hydrocarbon-fueled cases were predicted, and the 
predictions were compared to the experimental results.  Finally, the modified model was applied to 
other combustion data in literatures to confirm its applicability. 
 
5.2 Combustion Efficiency Distribution Modified Model Proposal 
In this section, using combustion test results in the 3.0 half-diverging combustor (3.0-half-div) with 
H2 and hydrocarbon (C2H4 and C2H4+CH4 mixed gas) fueled cases, the c distribution modified-model 
was proposed.  Then, the pressure prediction accuracy with the ramjet-mode model was verified with 
using the PSW correlation (proposed in Chap. III) and the c distribution modified-model.  At first, the 
experimental results on the pressure distributions and the one-dimensionally deduced combustion 
efficiency distributions are shown.  The test configuration and the test condition were described in 
Chap. II. 
 
5.2.1 Hydrocarbon Combustion Test Results in Half-Diverging Combustor 
Figures 5.1(a)~(c) show wall pressure distributions, one-dimensionally deduced Mach number 
distributions and one-dimensionally deduced combustion efficiency distributions with C2H4 fuel 
injection at the P1 location.  The PSW penetration was observed at upstream of the injector, and 
pressure-rise was observed near the injector at  more than unity.  The PSW penetration length and the 
peak pressure increased with equivalence ratio.  Mach number near the injector was below unity in 
both equivalence ratios shown in the figure, showing that ramjet-mode operation was attained at  more 
than unity.  As mentioned above, combustion efficiency increased gradually (i.e., not increased 
logistically) behind thermal choking location in the H2-fueled case with the P1 injection, this trend could 
also be seen in the C2H4-fueled case with the P1 injection in Fig. 5.1(c).  Therefore, for modeling of 
the combustion efficiency distribution, the combustion efficiency distributions behind thermal choking 
location with the P1 injection in the 3.0 degrees half-diverging combustor were excluded in this study. 
Figures 5.2(a)~(c) show wall pressure distributions, one-dimensionally deduced Mach number 
distributions and one-dimensionally deduced combustion efficiency distributions with C2H4 fuel 
injection at the P2 location.  The test results with the H2 injection ( =1.1) in Figs. 4.2(a)~(c) are 
reproduced for comparison.  The pressure distribution at  =1.1 was almost identical between the C2H4- 
and H2-fueled cases.  The PSW penetration length increased with the peak pressure around the injector.  
As shown in Fig. 5.2(b), the deduced Mach number was 0.83 at  = 1.1, Mach number in the other cases 
being lower.  Judging from pressure distributions and deduced Mach number, the ramjet-mode 
operation was attained at more than  of 1.1.  In Fig. 5.2(c), combustion efficiency increased with 
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equivalence ratio for  >1.  Gradual increase in combustion efficiency behind thermal choking location 
was observed with C2H4 injection at the P2 location.  Compared to the H2 injection case, combustion 
efficiency with C2H4 (=1.11) was higher, that will be discussed in the next chapter.  
Figures 5.3(a)~(c) show wall pressure distributions, one-dimensionally deduced Mach number 
distributions and one-dimensionally deduced combustion efficiency distributions with C2H4 fuel 
injection at the P3 location.  Both peak pressure and the PSW penetration length increased with .  
However, the PSW penetration stopped at x = -30 mm at  more than 1.76 though the peak pressure 
increased.  In the previous study, it was observed that the backward-facing step anchored the PSW [5-
3].  In the present case with the half-diverging combustor, it was considered that the expansion wave, 
generated from origin of the diverging duct, prevented the PSW penetration.  In Fig. 5.3(b), at  =1, 
deduced Mach number was 0.87 as subsonic, so that the ramjet-mode operation was attained at  more 
than unity.   
Figures 5.4, 5.5 and 5.6 show the combustion test results with C2H4+CH4 mixed gas (C2H4:CH4=3:1, 
1:1 and 1:2) fueled cases with the P1 injection, respectively.  Each figure includes (a) wall pressure 
distributions, (b) one-dimensionally deduced Mach number distributions, and (c) one-dimensionally 
deduced combustion efficiency distributions.  In the following, the C2H4+CH4 mixed gases with 
blending ratio (C2H4:CH4) of 3:1, 1:1, and 1:2 are denoted as ‘3:1 mixture’, ’1:1 mixture’ and ‘1:2 
mixture’, respectively.  The trend that PSW penetration and peak pressure increased with equivalence 
ratio was observed in all cases.  Mach number near the injector was less than unity, showing that 
ramjet-mode operation was attained at  more than unity, though the transition limit to the ramjet-mode 
operation was different for different blending ratio.  Combustion efficiency behind the thermal choking 
location increased gradually in all cases maybe due to the asymmetric flow pass effect like the hydrogen 
injection case.  Thus, as with H2 and C2H4 injection cases at the P1 location, the combustion efficiency 
distributions behind the thermal choking location with the P1 injection in the 3.0 degrees half-diverging 





           
 
 
Figure 5.1 Results of C2H4 injection at P1: a) wall pressure, b) one-dimensionally deduced Mach number 
and c) one-dimensionally deduced combustion efficiency. 































































































Figure 5.2 Results of C2H4 injection at P2: a) wall pressure, b) one-dimensionally deduced Mach number 










Figure 5.3 Results of C2H4 injection at P3: a) wall pressure, b) one-dimensionally deduced Mach number 








































Figure 5.4 Results of 3:1 mixture injection at P1: a) wall pressure, b) one-dimensionally deduced Mach 
number and c) one-dimensionally deduced combustion efficiency. 
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Figure 5.5 Results of 1:1 mixture injection at P1: a) wall pressure, b) one-dimensionally deduced Mach 
number and c) one-dimensionally deduced combustion efficiency. 




































































































Figure 5.6 Results of 1:2 mixture injection at P1: a) wall pressure, b) one-dimensionally deduced Mach 
number and c) one-dimensionally deduced combustion efficiency.  































































5.2.2 Effects of Fuel Type on Mixing Efficiency Distribution 
5.2.2.1 Complete Mixing Length for Equivalence Ratio of Unity 
 For modification of the complete mixing length at =1 (xl), at first, the experimental combustion 
efficiency distributions with various fuel at =1 were compared.  Figure 5.7 shows the one-
dimensionally deduced combustion efficiency distributions with the P1 injection in the 3.0 degrees half-
diverging combustor, fuel being H2, C2H4 and C2H4+CH4 mixed gas.  Combustion efficiency with 3:1 
mixture injection was highest, being 6~16% higher than combustion efficiency with the H2 injection.  
In particular, a large difference was observed near the injector between 3:1 mixture and H2 injection 
cases.  Combustion efficiency with 1:1 mixture and 1:2 mixture injection cases was lower than pure 
C2H4 injection case.  Though the tendency between blending ratio and combustion efficiency could not 
be found, the combustion efficiency in the hydrocarbon-fueled case was higher than that in the H2-fueled 
case.  In other words, the mixing length with  = 1 in the hydrocarbon-fueled case was shorter than H2-
fueled case. 
With the H2, C2H4+CH4 mixture, and C2H4 injections at  = 1, fuel flow states at the injection 
location should be different.  Table 5.1 summaries the fuel (H2, C2H4, and C2H4+CH4 mixture) 
properties with sonic injection at  = 1 from identical injector orifice.  The dynamic pressure ratio (J) 
was the dominant parameter for the fuel jet penetration [5-4].  Decreasing the dynamic pressure, fuel 
jet penetration was suppressed, that is, mixing efficiency decreased.  With the equivalence ratio of unity, 
dynamic pressure of the hydrocarbon fuel jet was 34~40% lower than that of the H2 jet, so that mixing 
efficiency was expected to decrease.  On the other hand, the mass flux ratio () was the dominant 
parameter for fuel and air mixing growth rate [5-5].  Increasing mass flux ratio, the mixing growth rate 
was decreased, so that the mixing efficiency decreased.  With the equivalence ratio of unity, mass flux 
ratio of the hydrocarbon fuel was 2.1~2.3 times larger than that of the H2 fuel. However, as shown in 
Fig. 5.7, the combustion efficiency in the hydrocarbon-fueled case was higher than that with the H2-
fueled case.  Thus, both dynamic pressure and mass flux would lead to higher mixing efficiency with 
hydrogen than hydrocarbons.  However, as shown in Fig. 5.7, combustion efficiencies of hydrocarbons 
were higher than hydrogen.  Another possible factor was the molecular weight.  Torrence made 
mixing experiments in non-reacting M4 flow with perpendicular gas injection of various gases to change 
molecular weight [5-6].  Although the jet trajectory was not affected by molecular weight, mixing 
process was somehow affected.  Another possibility of molecular weight effect was through 
combustion gas volume flow, as higher volume flow would result in higher velocity and shorter 
residence time.  
Here, the complete mixing length with  = 1 was re-modeled.  As described in the c distribution 
base-model, the complete mixing length with  = 1 was expressed as 
𝑥𝑙 = 𝐶𝑚𝑖𝑥 𝑑𝑒𝑞𝑢𝑖𝑣 (=440 𝑑𝑒𝑞𝑢𝑖𝑣) (5.2) 
Then, the normalized complete mixing length with  = 1 (xl /dequiv) was assumed to be the function of 
the mixing parameter.  From experimental results, the molecular weight would be related to the mixing; 
the heavier molecular weight shortening the mixing length.  Torrence used the square root of molecular 
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weight for modeling fuel core flow decay [5-6].  Therefore, xl/dequiv was assumed to be inversely 
proportional to the square root of the ratio of fuel and air molecular weight (), written by 
𝑥𝑙
𝑑𝑒𝑞𝑢𝑖𝑣
∝   
1
√𝜔
  (5.3) 
Next, the effect of dynamic pressure ratio on the complete mixing length was considered.  
Broadwell et al. [5-7] and Kouchi et al. [5-8] showed product of injector diameter and the square root 
of the dynamic pressure ratio (𝑑√𝐽) was the dominant parameter for jet penetration (i.e., jet trajectory) 
in the height-wise direction.  Rogers expressed mixing efficiency as function of the dynamic pressure 
ratio [5-4], mixing efficiency increasing with dynamic pressure ratio.  To sum up, mixing efficiency 
could be expressed as 
𝜂𝑚 ∝  √𝐽  (5.4) 
In the present model, mixing efficiency was inversely proportional to xl.  Therefore, the complete 
mixing length would be inversely proportional to the square root of the dynamic pressure, written by  
𝑥𝑙
𝑑𝑒𝑞𝑢𝑖𝑣
∝   
1
√𝐽
  (5.5) 
 On the other hand, Driscoll et al. [5-9] derived fuel-mixing profiles along the centerline of the 
incompressible jets (fcl) as 





  (5.6) 
Therefore, by replacing x to xl and d to dequiv, the complete mixing length was related to the square root 
of the mass flux ratio, written by  
𝑥𝑙
𝑑𝑒𝑞𝑢𝑖𝑣
∝   √𝜆  (5.7) 
To apply Eq. (5.6) to the compressible turbulent mixing case (the present study case), the compressible 
effect on mixing growth rate was required.  Papamoshou et al. showed that the growth rate of the 
compressible turbulent mixing was related to the function of the convective Mach number (Mc) and the 





  (5.8) 
Birzer et al. [5-11] expressed the relation between compressible (xl,comp) and incompressible (xl,incomp) 






where 𝑓(𝑀𝑐) = 0.25 + 0.75𝐸𝑋𝑃(−3𝑀𝑐
2) 
From Eqs. (5.3), (5.5), (5.7) and (5.9) and by using re-defined constant C*mix, the complete mixing length 











For the fixed injection conditions and fuel (H2), all herein-added parameters (Mc , , J and ) in Eq. 
(5,10) were fixed to form the constant Cmix to be 440.  Table 5.2 shows the experimental value of mixing 
parameters (Mc, , J and ) at ~1 with the P1 injection.  Also shown in Table 5.2 are mixing 
parameters with the P2 injection used to determine Cmix of 440.  Note that the airflow dynamic pressure 
and convective Mach number were calculated from the airflow states behind the PSW, which was 
deduced by the one-dimensional analysis.  Putting mixing parameters for the P2 injection case shown 
in Table 5.2 and equalizing the attained 𝑥𝑙 to that in Eq. (5.2) gave the re-defined constant C
*
mix of 
about 150.  Figures 5.8(a) and (b) show the comparison of the combustion efficiency distributions with 
complete mixing length as Eq. (5.2) and Eq. (5.10), respectively.  With Eq. (5.2), the complete mixing 
length was identical for all fuel, and the combustion efficiency distributions shown in Fig. 5.8(a) were 
different with respect to fuel type.  On the other hand, with Eq. (5.10), the combustion efficiency 
distributions with various fuel-types fell into a unique line even with some scattering, so that Eq. (5.10) 
was found to applicable for various fuel-types at  ~ 1.  The uncertainty of the predicted combustion 
efficiency distributions was ±10% at most.  
 
 
Table 5.1 Fuel flow properties at injector orifice at  = 1 under identical airflow condition    
fuel Mw/MwH2 J/JH2 /H2 
H2 1 1 1 
1 : 2 mixture 10 0.659 2.12 
1 : 1 mixture 11 0.644 2.18 
3 : 1 mixture 12.5 0.622 2.25 
C2H4 14 0.605 2.31 
 
 
Table 5.2 Mixing parameters for deducing the complete mixing length at =1with P1.    
fuel Mc  J  
H2 0.222 0.079 4.95 3.01 
 H2 at =1.2 with P2 0.197 0.079 5.27 3.44 
1 : 2 mixture 0.362 0.777 2.20 4.96 
1 : 1 mixture 0.355 0.854 2.40 5.45 
3 : 1 mixture 0.339 0.971 2.72 6.20 







Figure 5.7 One-dimensionally deduced combustion efficiency distribution at P1 injection with H2, 




Figure 5.8(a) Comparison of combustion efficiency distributions between experiment(H2, C2H4, 
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Figure 5.8(b) Comparison of combustion efficiency distributions between experiment (H2, C2H4, 
C2H4+CH4 mixed gas) and prediction using xl as Eq. (5.10). 
 
5.2.2.2 Mixing Efficiency Variation against Equivalence Ratio with Hydrocarbon-Fuel 
Next, the variation of mixing efficiency against equivalence ratio with the hydrocarbon-fuel was 
investigated.  Figure 5.9 shows variations of the one-dimensionally deduced combustion efficiency 
with the P2 injection of C2H4 against equivalence ratio.  The increasing rate of combustion (mixing) 
efficiency against equivalence ratio was denoted as 𝛼 in the c distribution base-model as Eq. (5.1).  
In the following, 𝛼 for  < 1 and  > 1 were denoted as ‘𝛼−‘ and ‘𝛼+‘, respectively. 
At Linj=45 mm (i.e., 45 mm downstream from the injector), the increasing rate of combustion 
efficiency against equivalence ratio was lower than that at Linj=105 mm.  The increasing rate of 
combustion efficiency was almost constant after Linj ~140mm, this trend being corresponded that 𝛼+ 
was defined as constant in the NASA recipe [5-12]. 
Figure 5.10 shows plots of 𝛼+  against distance from the injector with C2H4 injection at P1, P2 and 
P3 injection locations.  Each value of 𝛼+  was derived by linear approximation of combustion 
efficiency distributions at each streamwise distance from the injector.  With the P2 and P3 injections, 
𝛼+  was constant behind Linj~140mm.  On the other hand, the 𝛼+  slightly increased with the 
streamwise distance with the P1 injection.  Therefore, it was suggested that 𝛼+was function of the 
combustor geometry. 
Figure 5.11 shows plots of 𝛼+ against distance from injector with H2, C2H4 and C2H4+CH4 mixed 
gas (3:1 mixture and 1:2 mixture) injections at the P1 location.  The 1:1 mixture data were eliminated 
due to large error data for correlation.  𝛼+ was larger in the order to C2H4, 3:1 mixture, 1:2 mixture, 
and H2.  This result indicated that the 𝛼+ was related to the molecular weight.  Figure 5.12(a) shows 
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the relation between the mean value of 𝛼+ and molecular weight ratio.  The mean values of 𝛼+ were 
the plateau values in the range of Linj = 200-500 (P1 injection), 200-350 (P2) and 140-200 (P3), 
respectively, while errors were based on standard deviation.  As increasing the molecular weight ratio, 
the mean value of 𝛼+ decreased in the P1 and P2 injection cases.  With H2 injection, the deviation of 
𝛼+ between the P1 and P2 injection configurations was 0.1, while the deviation of 𝛼+ among the P1, 
P2 and P3 injection configurations was 0.05 with C2H4 injection.  On the other hand, the differences in 
𝛼+  between H2 and C2H4 were 0.27 (P1) and 0.24 (P2), respectively, showing that the effect of 
molecular weight on value of 𝛼+ was larger than the effect of injector configuration.   
From the experimental results shown in Fig.5.12, the correlation between 𝛼+ and the molecular 
weight ratio between fuel and air () could be expressed as follows; 
𝛼+ = 0.1911 𝜔−0.334 (5.11) 
For 𝛼−  evaluation, however, adequate test data could not be obtained because the ramjet-mode 
transition could be obtained in the diverging combustor with hydrocarbon-fueled at very limited cases 
at  <1.  Therefore, the 𝛼− was assumed to be same criteria with a+, that is, 𝛼− = −𝛼+. Figure 
5.12(b) shows the relation between the mean value of 𝛼− and molecular weight ratio.  With the H2 
injection case,  the mean value of 𝛼− was -0.446±0.064.  The predicted value of 𝛼− was -0.447, 
being in good agreement with the experimental value.  On the other hand, the experimental results of 
𝛼− was lower than the reference value of 𝛼− (-0.30272) [5-12].  In the NASA recipe, the values of 
𝛼+ and 𝛼− were deduced from the nonreacting mixing results in supersonic flows.  The present 
experimental values of 𝛼+ and 𝛼− were deduced from combustion teste results under the ramjet-
mode operation (subsonic flow).  These differences in flow status, namely between nonreacting or 












Figure 5.10 Plots of 𝛼+ against distance from injector with C2H4 injection at P1, P2 and P3. 
 
 



















Figure 5.11 Plots of 𝛼+ against distance from injector with H2, C2H4, 3:1 mixture and 1:2 mixture gas 




Figure 5.12(a) Relation between molecular weight and mean 𝛼+. 
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5.2.3 Reaction Delay Effect on Combustion Efficiency Distribution 
5.2.3.1 Reaction Delay Evaluation and Due Modification to Prediction Method 
In this section, the condition with C2H4 injection at the P2 location was targeted as possible reaction 
delay effect was found in this case.  To understand the effects of reaction delay on converting method 
of mixing efficiency to combustion efficiency, the total reaction delay time was calculated by Chemkin-
II software code [5-2], total reaction delay time (tR) being defined as the time required to raise 
temperature from 0 to 95% of the total temperature rise due to combustion [5-13].  The zero-
dimensional chemical reaction calculation under constant pressure and adiabatic conditions was used.  
In this study, KUCRS (Knowledge-basing Utilities for Complex Reaction System) [5-14] was used as 
the chemical reaction mechanism.  The inputs included initial pressure, initial temperature at the 
injector location and mole composition of the reactants.  In the present calculation, initial mole fraction 
of reactants was obtained under assumption that mixing completed at the injector location, that is, initial 
mole fraction of reactants was sum of mole fraction of airflow components and injected fuel.  Initial 
temperature and pressure were calculated by solving mass, momentum and energy conservation at the 
injector with constant cross-sectional area assumption.  Table 5.3 shows the calculated initial pressure 
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Table 5.3 Initial condition with P2 injection and the calculated reaction delay time and length    
fuel  Ts , K ps ,kPa V  m/s tR ms LR , mm 
C2H4 2.26 1486 214 327 0.0238 7.78 
C2H4 1.11 1696 195 382 0.0151 5.78 
H2 1.10 1678 185 476 0.0127 6.06 
 
 
Generally, total reaction delay time is divided into ignition delay time and reaction delay time.  
Rogers defined ignition delay time as the time required to raise the temperature by 5%, and the reaction 
delay time as the time required to raise the temperature from 5% to 95% [5-13].  Thus, total reaction 
delay time (tR) was defined as the time required to rise the temperature from 0 to 95%.  Moreover, the 
reaction delay length (LR) was evaluated as the following equation; 




where V denotes the mixed gas velocity which could be obtained from the one-dimensional analysis at 
the injector, each calculated velocity being shown in Table 5.3. 
 Figure 5.13 shows the calculated temperature and pressure variation with time with the P2 injection 
( = 2.26).  Temperature increased without ignition delay, the peak temperature of 2730K was observed 
at 0.0351 ms.  The deduced reaction delay time and reaction delay length were 0.0238 ms and 7.78 
mm, respectively. 
The calculated reaction delay time and reaction delay length with C2H4 and H2 are summarized in 
Table 5.3.  The reaction delay time with C2H4 was longer than that with H2.  Comparison of C2H4 
reaction delay time between =2.26 and  =1.11 showed that the reaction delay time at =2.26 was 
longer than that at  =1.1, maybe due to low temperature.  The deduced reaction delay length increased 
in the order to C2H4 (=2.26), C2H4 (=1.11) and H2.  However, this length was in order of millimeters, 
suggesting that the effect of reaction delay on the combustion efficiency distributions was small not only 
in the H2 fueled case, but also in the C2H4 fueled case at the ramjet-mode operation. 
In this calculation of the reaction delay time, the initial components of reactants and temperature in 
the cross-section were assumed to be uniform.  However, the fuel and airflow mixing at the injector 
location would not be completed, so that high concentration region of fuel would exist.  In addition, 
fuel was injected at room temperature in this study, so that temperature in the high fuel concentration 
region would be lower than that in the low concentration region.  Thus, sensitivity analysis of reaction 
delay time (length) was conducted to simulate high local equivalence ratio mixture.  In the initial 
condition, it was assumed that local equivalence ratio was twice as large as total equivalence ratio (i.e., 
' = 4.52).  The initial pressure was equal to that in the case with  = 2.26 (214 kPa), as pressure 
uniformity within the cross-section was expected in the ramjet-mode operation in which reactant 
(airflow / fuel mixture) was subsonic.  Initial temperature and velocity of reactant were deduced by the 
following procedure; flow states of the reactant mixture at the injector location with ' = 4.52 (mass 
flow rate being doubled) was calculated with the mass, momentum and enthalpy conservations without 
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cross-sectional area change.  As the resulting pressure was larger than 214 kPa, the mixture flow was 
assumed to adiabatically expand to 214 kPa, and flow states were obtained with the isentropic equation.  
Table 5.4 shows the initial conditions and the calculated reaction delay time and reaction delay length 
with ' = 4.52, with those with  = 2.26 reproduced for comparison.  As fuel mass flow rate being 
doubled, the initial temperature decreased by 16.5%, while the calculated reaction delay time increased 
by 28%.  The calculated reaction delay length rather decreased due to low velocity, reaction delay 
length being still in order of millimeters.  Therefore, even in high fuel concentration region, the effect 
of reaction delay was negligibly small in the C2H4 fueled case at the ramjet-mode operation. 
 
Table 5.4 Sensitivity Analysis with C2H4 injection ( = 2.26)    
 Ts , K ps ,kPa V  m/s tR ms LR , mm 
2.26 1486 214 327 0.0238 7.78 
4.52 1240 214 311 0.0245 7.62 
 
 In general, to take the reaction delay into account for the combustion efficiency distribution, setting 
the origin of the distribution downstream by the reaction delay length would work as the simplest way. 
𝜂𝑐(𝐿𝑖𝑛𝑗, 𝜙) = 𝜂𝑚(𝐿𝑖𝑛𝑗 − 𝐿𝑅 , 𝜙) (5.13) 
As the reaction delay time was less than 10 mm in the present conditions, deviation in the combustion 
efficiency due to the reaction delay was less than 1%. 
 
 




5.2.3.2 Application to Cases with Low Airflow Temperature  
Airflow conditions in the present study was set as Pt,a=0.55 MPa, Tt,a=2200 K, a rather high 
temperature condition to ensure auto-ignition and flame-holding without any igniter.  In the present 
configuration, for example, no combustion was attainable at total temperature below 1700 K.  On the 
other hand, lower temperature condition corresponded to lower flight Mach number might result in 
longer reaction delay length even under the ramjet-mode operation, so that sizable effects of the reaction 
delay length on the prediction of the combustion efficiency distributions might appear.  Thus, 
applicability of the above mentioned treatment of the reaction delay was validated with the literature 
data with low flow temperature from Ref. 5-15, a CFD work on the ethylene combustion by Baurle et 
al., and their combustion efficiency distribution was compared to the current prediction by the c 
distribution modified-model.  Note that so-called swept-back injection was applied in Ref. 5-15, so 
that C*mix might be different was described in Chap. IV.  Thus, this validation was mainly on the 
treatment of the reaction delay length.  
Figure 5.14 shows the schematic diagram of the facility flowpath and cross-sectional area 
distributions against streamwise direction [5-15].  Test section was consisted of a 0.75 degrees half-
diverging isolator section and a 2.6 degrees half-diverging combustor.  Cross-section at the facility 
nozzle exit was deduced to be 57.2 mm×177.8 mm (not directly mentioned in the literature), and the 
cross-section at the injector location was 69 mm×177.8 mm.  Ethylene was injected through four 
swept-back circular orifices (diameter deduced to be 5.6 mm, also not mentioned) at sonic speed with 
an angle of 15 degrees.  About 45 mm downstream of the injector was a cavity flame-holder.  Total 
pressure and total temperature at Mach 2.2 facility nozzle were 0.689 MPa and 902 K, respectively, 
which condition corresponded to the Mach 4 flight condition.  Fuel total pressure and total temperature 
were 1.645 MPa and 425 K at =1.  Table 5.5 shows the deduced equivalent orifice diameter.  In Ref. 
5-15, the turbulence model (denote as ‘Menter-BSL’) was used for the flow calculation in the CFD 
analysis, this model being essentially the standard high Reynolds number Wilcox k– model near solid 
surfaces and smoothly switches to the standard Jones–Launder k– model near the outer portion of the 
boundary layer and in regions of free shear. 
Figure 5.15 shows the calculated pressure distribution and Mach number distribution by CFD 
analysis [5-15].  In Ref. 5-15, the Menter-BSL model was mainly used for their calculation, so that the 
results by Menter-BSL model were mainly referred in the present study.  The pressure-rise was 
observed at upstream of the injector, showing the PSW penetration occurred.  The calculated Mach 
number at the injector location was below unity, that is, the ramjet-mode operation was attained.  From 
the result of pressure and Mach number distributions, the mixing parameters were deduced for complete 
mixing length with =1, as shown in Table 5.5.   
The blue and red lines shown in Fig. 5.16 are the mixing and combustion efficiency distributions 
calculated by CFD [5-15].  As one can see, combustion started at downstream of the injector location, 
while mixing started right at the injector location, i.e., occurrence of a sizable reaction delay being 
confirmed even in the ramjet-mode operation. 
Moreover, the reaction delay length in the present c distribution modified-model was calculated in 
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the same way as in section 5.2.3.  Input initial pressure and temperature were estimated as 240 kPa and 
780 K, respectively, while the initial mole fraction of reactants was sum of mole fraction of air and 
injected fuel.  As the result, the reaction delay length greatly exceeded the combustor length.  
However, combustion and consequent pressure rise were observed in both CFD [5-15] and experiment 
[5-16], the former shown in Fig. 5.16 and 5.15.  Close look into Fig 5.16 shows that the rise in 
combustion efficiency was initiated at the cavity flame-holder location (marked with an arrow on the 
horizontal axis in Fig. 5.16).  This flame-holder offered the benefits of relatively long residence time 
[5-17] to anchor the flame within.  In the experiment [5-16], flame propagated from the cavity to the 
freestream side, so that reaction delay length of the fuel mixed with the freestream was shortened due 
to heat and radical supply from the flame-holding region.  This flame-holder effect could not be 
expressed in the present one-dimensional treatment.  When the estimated reaction delay length was 
shorter than the injector to flame-holder length, the estimated length could be used. 
Thus, reaction delay length in the presence of the flame-holder could be shortened to the injector 
to flame-holder distance.  Also shown in Fig. 5.16 were the predicted combustion efficiency 
distributions with the c distribution modified-model with the shortened reaction delay time.  Note that 
the injector configuration in Ref. 5-15 was the angled injection, so that C*mix might be different from 
that deduced in the present study for the perpendicular injection (C*mix =150, the prediction was shown 
with black line in Fig. 5-16).  In fact, the prediction with C*mix =150 clearly over-estimated combustion 
efficiency.  Applying larger value of 800 as C*mix to express reduced penetration by the angled injection, 
a fair prediction (dashed line in Fig. 5-16) was possible, though this number should be deduced 
independently from experiment, as the CFD work itself was shown to over-estimate combustion 
efficiency to bring higher peak pressure than the experiment (Fig. 5.17).   
In summary, sizable reaction delay length could appear in the combustion efficiency distribution, 
and to simply set the origin of combustion efficiency rise delayed in the flow direction as proposed in 
the c distribution modified-model, was confirmed to be reasonable.  The delay length could be 
shortened in the presence of the flame-holding region. 
 
 
Table 5.5 Deduced mixing parameters and equivalent orifice diameter.     
fuel Mc  J  dequiv, mm 















Figure 5.14 the schematic diagram of the test configuration and cross-sectional area distribution against 




















Figure 5.17 Discrepancy of pressure distribution in the PSW region between the computational result 
and experiment [5-15].  
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5.2.4 Summary of Modified Combustion Efficiency Prediction  
Here, the modified version of c distribution base-model, denoted as ‘c distribution modified-
model’, was summarized.  Figure 5.18 shows the flowchart of the c distribution modified-model.  
The input parameters were the combustor geometry (vertical gaps between injection walls as Hinj, 
spacing between injectors as Sinj), fuel type (H2 or Hydrocarbon) and the airflow and fuel conditions at 
the injector location.  Note that the airflow conditions should be those behind the PSW. 




















where , , J denote the ratio of mass flux, molecular weight and dynamic pressure between fuel and 
air, respectively.  Note that C*mix of 150 might differ for different injection configurations. 
Next, the mixing efficiency distribution with  =1 (denote as 𝜂𝑚(𝐿𝑖𝑛𝑗, 1)) was predicted as; 
𝜂𝑚(𝐿𝑖𝑛𝑗, 1) = 1.01 + 0.176 ln (
𝐿𝑖𝑛𝑗
𝑥𝑙
) . (5.16) 
Then, by adding equivalence ratio factor ((−)), the mixing efficiency distribution (𝜂𝑚(𝐿𝑖𝑛𝑗, 𝜙) ) 
was predicted as  
𝜂𝑚(𝐿𝑖𝑛𝑗, 𝜙) = 𝜂𝑚(𝐿𝑖𝑛𝑗, 1) + 𝛼(𝜙 − 1) , 
(5.17) 
where 𝛼 =  {
−0.1911 𝜔−0.334                                    (𝜙 < 1)
0.1911 𝜔−0.334                                     (𝜙 ≥ 1)
. 
Finally, the reaction delay length (LR) was calculated by  




where tR denote the total reaction delay time, calculated by Chemkin-II software code [5-2] in this study, 
total reaction delay time (tR) being defined as the time required to raise the temperature from 0 to 95% 
of total temperature rise due to combustion [5-13].  The combustion efficiency distribution 
(𝜂𝑐(𝐿𝑖𝑛𝑗, 𝜙)) was predicted by converting the mixing efficiency distribution as follows; 
 
𝜂𝑐(𝐿𝑖𝑛𝑗, 𝜙) = 𝜂𝑚(𝐿𝑖𝑛𝑗 − 𝐿𝑅 , 𝜙) (5.19) 
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Note that the reaction delay length could be shortened to the injector to flame-holder length in the 
presence of any effective flame-holding region.   
Combining Eq. (5.14) to (5.19), the combustion efficiency distribution was predicted in the c 
distribution modified-model as 









(𝜙 − 1)}) (5.20) 
Figure 5.19(a) and (b) show comparison of the combustion efficiency distribution between the 
predictions and experiments in the C2H4-fueled cases at (a) the P2 location and (b) the P1 and P3 
locations.  Note that the combustion efficiency was corrected as unity if the value deduced by Eq. 
(5.20) exceeded unity.  The experimental combustion efficiency at upstream of the choking location 
were only shown in Figs. 5.19.  Though some discrepancies of combustion efficiency between 
predictions and experiments were seen especially nearby the injector location, the predicted combustion 
efficiency distributions by the c distribution modified-model were in good agreement with the 
experiments (within about 10%).  As mentioned in Chap. IV, the combustion efficiency could be 
influenced by the flow separation due to injection blocking effect.  These effects could not be predicted 
in the present one-dimensional prediction model.  
Figure 5.20 shows comparison of the combustion efficiency distribution between the predictions 
and experiments with H2-fueled cases at the P1, P2 and P3 locations.  The c distribution modified-
model also could predict the combustion efficiency distributions in the hydrogen injection cases, with a 
better precision say within ±5%. 
Figure 5.21(a) and (b) show comparison of the combustion efficiency distribution between the 
predictions and experiments in the C2H4+CH4-fueled cases at the P1 location; the cases with 3:1 and 1:1 
mixture fueled cases being shown in Fig. 5.21(a), while 1:2 mixture-fueled case being shown in Fig. 
5.21(b).  The combustion efficiency distribution could be predicted in the near field of the injector 
where thermal choking would take place, while some combustion efficiency distributions were 
overestimated especially in the cases with 1:2 mixture-fueled case at  >1.36. 
In summary, the proposed modified prediction model termed as the c distribution modified-model, 
could predict hydrogen and hydrocarbon fuel combustion efficiency distribution with error range of 
±5% and ±10%, respectively.  Note that predicted distributions around the injector might suffer a larger 
error.  Also note that, sizable discrepancies between the predictions and the measurements were 












(a) at P2 location 
 
(b) at P1 and P3 locations 
 
Figure 5.19 Comparison of C2H4 combustion efficiency distribution between the predictions and 
experiments. 
 



































































Figure 5.20 Comparison of H2 combustion efficiency distribution between the predictions and 
experiments at various injection locations. 
 
 
(a) 3:1 mixture and 1:1 mixture fueled cases 
 
 





































































(b) 1:2 mixture fueled cases 
 
Figure 5.21 Comparison of C2H4+CH4 mixture gas combustion efficiency distribution between the 
predictions and experiments at P1 location. 
 
5.2.5 Applicability of Combustion Efficiency Distribution Modified-Model 
So far, modification on the c distribution basic-model was proposed based on the experimental 
results with hydrogen and hydrocarbon fuels, and good agreement was attained on combustion 
efficiency distribution especially upstream of the thermal choking location.  However, only C2H4 and 
C2H4+CH4 mixture gas were used as hydrocarbon fuel, and the extent of applicability in terms of fuel 
type was not specified.  As mentioned before, fuel molecular weight had sizable impact on the 
prediction, so that heavier hydrocarbons such as jet fuel, should be applicable to the modified-model. 
Thus, the c distribution modified-model was applied to the literature data with jet fuel combustion 
[5-18] to check the applicability.  Figure 5.22 shows the schematic diagram of test configuration.  At 
downstream of a Mach 2.5 facility nozzle, the diverging combustor was directly connected, its cross-
sectional area at the combustor entrance being 50×70 mm2.  Total combustor length was 1500 mm, 
which consisted of about 0.5, 1.0, and 2.5 degrees diverging sections. Vaporized kerosene heated up to 
760 K was injected at upstream and downstream injectors (denote as ‘I-1’ and ‘I-2’ in Fig. 5.22) through 
two orifices of 2.8 mm with sonic speed by perpendicular injection.  At 56 mm downstream of the 
injector, a cavity was located at each injector.  Total air pressure and temperature were 1.3 MPa and 
1500 K, respectively.   
Figure 5.23(a) shows the pressure distributions [5-18].  As the validation data, the test results at 
=0.5 with I-1 injection was used.  PSW penetration to the upstream of the injector and pressure-rise 
near the injector were observed.  The one-dimensionally deduced Mach number distribution with 

































=0.5 was shown in Figure 5.23(b).  The deduced Mach number at the injector was below unity, 
showing that ramjet-mode operation was attained at =0.5 with I-1 injection.  Table 5.6 shows the 
deduced mixing parameters and equivalent office diameter. 
Ignition delay of the jet fuel should be calculated to assess the reaction delay length, however, 
reaction mechanism for jet fuel was not available, so that 36% CH4+64% C2H4 mixture often used as 
surrogate of JP-7 jet fuel (see Ref. 5-19 for details) was targeted for the reaction delay time calculation 
by Chemkin-II code [5-2].  Table 5.7 shows the initial conditions for reaction delay calculation and 
assessed reaction delay time and length.  The assessed reaction delay length was longer than the 
injector to flame-holder distance of 56 mm, so that this distance should be taken into account. 
Figure 5.24 shows comparison of the combustion efficiency distribution at =0.5 with I-1 injection, 
between the experiment and the prediction by the proposed model.  Two predictions with reaction delay 
length of zero and that of the ‘injector to flame-holder distance’ were shown in the figure.  As shown 
in the figure, one-dimensionally deduced combustion efficiency was already at a certain value at the 
injector location, so that no sizable reaction delay length was observed.  It was well known that the jet 
through the perpendicular injector should block the airflow to form a separation region ahead of the 
injector, and this separation region would work as flame-holder [5-20].  Thus, in this case, the flame 
was anchored around the injector to reduce the reaction delay length to zero.  In the case with the 
swept-back injection mentioned in section 5.2.3.2, separation ahead of the fuel jet was suppressed in 
size, so that this separation was not sufficient to anchor flame inside. 
By setting the reaction delay length to be zero (solid line in Fig.5.24), the predicted combustion 
efficiency distribution matched better with the experiment that setting the length to the ‘injector to flame-
holder distance’ (dashed line in Fig.5.24), the maximum error being 6.4% and 14.1%, respectively.  
Furthermore, the error at the thermal choking location (Linj = 300 mm in experiments) was 3.0% and 
6.8%, respectively.  Thus, the c distribution modified-model could be applied to the heavy 
hydrocarbon fuel as jet fuel.  Also, the reaction delay length in the cases with perpendicular injection 







































M φ=0.5 at I−1
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Table 5.6 Deduced mixing parameters with =1 and equivalent orifice diameter     
fuel Mc  J  dequiv, mm 




Table 5.7 Initial condition and the calculated reaction delay time and length    
 Ts , K ps ,kPa V  m/s tR ms LR , mm 




Figure 5.24 Comparison of the combustion efficiency distribution with =0.5 at I-1 location between 
the experiment and the prediction. 
 
 
5.3 Prediction Accuracy of Pressure Distribution with Combustion 
Efficiency Distribution Modified-Model 
Figure 5.25 shows the pressure distribution with the C2H4 injection at the P2 location ( = 2.26 and 
1.1).  With  = 2.26, the PSW penetration length and peak pressure were in good agreement within 5% 
and 1%, although the predicted pressure distributions in the PSW region was slightly lower than the 
experiments.  In the prediction, thermal choking occurred at x = 388 mm, being in good agreement 
with the experiments at x = 365 mm.  With  = 1.11, the PSW penetration length was 15% under-
predicted than the experiment, while pressure at the downstream of the injector was about 18% higher 
than that in the experiment due to giving higher combustion efficiency.  Table 5.8 shows the thrust 
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increments by combustion (‘combustor pressure thrust with combustion’ – ‘combustor pressure thrust 
without fuel injection’, Ref. 5-21) deduced from the predicted and measured pressure distributions.  
The predicted thrust increment at  = 2.26 was in good agreement within 2 % with the experiment.   
The thrust increment at  = 1.11 was also in agreement with the experiment.  In this case, the 
pressure distribution in the PSW was under-estimated, so that the under-estimation of pressure thrust in 
the PSW region was somehow balanced with the over-estimation of pressure thrust in the downstream 
region to the thermal choking location.  The over-estimation would be enhanced if a nozzle section 
was attached to the combustor exit.  For example, assuming a 1 m-long, 10 degrees half-diverging 
nozzle to be attached to the present half-diverging combustor, the nozzle thrust would be 598 N and 682 
N with the incoming flow states one-dimensionally deduced and predicted, respectively.  Thus, the 
over-estimation in the combustion efficiency and hence the pressure level would result in further error 
in the prediction. 
 Figures 5.26(a) and 5.26(b) show the pressure distributions with the C2H4+CH4 mixture gas 
injection at the P1 location.  In the 3:1 mixture injection case in Fig. 5.26(a), the predicted PSW 
penetration and peak pressure were in good agreement with the experiment.  At downstream of the 
injector, the distribution was over-estimated before and behind thermal choking location (x = 225 mm 
with the prediction and 215 mm with the one-dimensional deduction).  Note that pressure between the 
injector and the thermal choking location was over-estimated, while the combustion efficiency 
distribution matched between the prediction and the experiments as shown in Fig. 5.21(a).  A possible 
reason of this discrepancy was presence of the mixed flow instead of fully subsonic flow [5-22].  As 
shown in Fig. 5.4, minimum Mach number was about 0.9 in this case, so that supersonic core flow might 
survive through the shock train to form supersonic core / subsonic separation mixed flow, leading to a 
different flow condition at the PSW exit than the fully subsonic, uniform flow.  This difference could 
not be expressed in one-dimensional sense.  
In the 1:1 and 1:2 mixture injection cases in Fig. 5.26(b), the predicted pressure distributions were 
in good agreement with experiments; the PSW penetration lengths and peak pressures were predicted 
within 5% and 2%, respectively.  At downstream of the thermal choking location (x = 232mm for 1:1 
mixture case and 223mm for 1:2 mixture case), the predicted pressure level was about 15% higher than 
the experiment.  Comparing the thrust increment by combustion between the predictions and the 
experiments, as shown in Table 5.8, the discrepancy of the thrust increment was within 12%.  
Judging from comparison of the pressure distribution and the thrust increment between the 
predictions and the experiments, the ramjet-mode model (using the PSW correlation model and c 
distribution model) could predict the thrust performance within 12% at the ramjet-mode operation in 
hydrocarbon-fueled case.  Thrust was tended to be over-estimated because the c distribution model 
over-predicted combustion efficiency at downstream of the thermal choking location.  The PSW 
penetration length was predicted within about 15%.  For more accurate prediction for the pressure 
distribution and the thrust increment in the hydrocarbon-fueled case, more accurate prediction of 






Table 5.8 Thrust increment by combustion with Hydrocarbon fuel case 
Injector location   Thrust increment by combustion, N 
fuel  prediction experiment 
P2 C2H4 2.26 296 302 
P2 C2H4 1.11 218 213 
P1 3:1 mixture 1.26 237 211 
P1 1:1 mixture 1.21 256 237 














Figure 5.26 Pressure comparison with C2H4+CH4 mix gas injection at P1. (a) 3:1 mixture, (b) 1:1 







Prediction method of combustion efficiency distribution that could use for hydrocarbon fuel was 
proposed by modifying the combustion efficiency distribution base-model as described in Chap. IV.  
For understanding the effects of difference in fuel type on mixing, combustion test results in the 3.0-
degrees diverging combustor with different types of hydrocarbon fuel (C2H4, and C2H4+CH4 mixture) 
were compared.  For understanding the effects of reaction delay on conversion of mixing efficiency to 
combustion efficiency, the reaction delay time was calculated.  
By modification of the mixing length with equivalence ratio of unity and the variation rate of 
mixing efficiency against equivalence ratio, the proposed modified prediction model (termed as the c 
distribution modified-model) could predict hydrogen and hydrocarbon fuel combustion efficiency 
distribution with error range of ±5% and ±10%, respectively.  It was noted that predicted distributions 
in the vicinity of the injector might suffer a larger error.  Also noted was that, sizable discrepancies 
between the predictions and the measurements were observed in some limited cases.  As the result of 
calculating the reaction delay time, the effect of reaction delay on combustion efficiency was small in 
not only the H2 fueled case, but also the hydrocarbon fueled case at the ramjet-mode operation by 
perpendicular injection. 
Using the ramjet-mode model (combining the PSW correlation and the c distribution modified-
model), the pressure distribution was predicted with hydrocarbon fuel.  The model could predict the 
thrust increment by combustion within 12% at the ramjet-mode operation in hydrocarbon-fueled case.  
Thrust was tended to be over-estimated because the c distribution model over-predicted combustion 
efficiency at downstream of the thermal choking location.  The PSW penetration length was predicted 
within about 15%.  For more accurate prediction for the pressure distribution and the thrust increment 
in the hydrocarbon-fueled case, more accurate prediction of combustion efficiency was required 
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General Conclusion and Recommendation 
6.1 General Conclusion 
Main objective of this study is to propose a simple one-dimensional model (denote as ‘ramjet-mode 
model’) for combustor performance prediction at the ramjet-mode operation of diverging scramjet 
combustors applicable for different fuels such as H2 and hydrocarbon. Sub objectives are to propose the 
two following models for prediction at the ramjet-mode operation; 1) the relation between the PSW 
penetration and pressure-rise applicable in the diverging ducts and 2) the combustion efficiency 
distribution in the streamwise direction with H2-fuel and hydrocarbon-fuel.  
 
Experimental Apparatus and Measurements 
In chapter II, it was noted the experimental apparatus and measurements, and data reduction.  In 
this study, the scramjet combustor was directly connected to a blow down-type wind tunnel facility 
without or with a vitiated air-heater.  For gas sampling and Pitot pressure measurement at the 
combustor exit, noncooled or water-cooled sampling probe were used.  The sampled gas was analyzed 
by a gas chromatography, an uncertainty for each component being ±0.3 vol%.  Wall pressure 
distribution was measured by mechanical-scanning or electrical-scanning pressure transducers.  
Repeatability of the normalized wall pressure by airflow total pressure was within about 4.3 %.  Mass 
flow rates of H2, O2 (in the case with using hot flows) and injectant were obtained separately by sharped-
edged orifice flowmeters, differential pressure transducers and pressure transducers, uncertainty being 
2%. 
 It was noted that one-dimensional analysis method to evaluate the combustion efficiency 
distribution.  Under assumption that local skin friction in the PSW region was zero, and under 
assumption that enthalpy conservation was violated in the region of injector upstream, uncertainty of 
combustion efficiency distribution by quasi-one-dimensional analysis was 5 % at the exit of the 
combustor. 
 
Proposed Prediction Method and Modeling of Pseudo-Shock Wave System 
In Chapter III, a quasi-one-dimensional model (ramjet-mode model) for prediction of flow states 
under the ramjet-mode within diverging combustors was proposed in this chapter.  To construct the 
ramjet-mode model, two sub-models should be provided, 1) for the pressure distribution prediction 
within the pseudo-shock wave system (PSW) to deduce the flow states with assumed pressure, and 2) 
for the combustion efficiency distribution prediction in the streamwise direction.  The two models were 
proposed from experimental results with H2 injection tests in the 3.0 degrees half-diverging combustor, 
the latter being described in the next chapter.   
The prediction model on the pressure distribution within PSW in diverging combustors was 
proposed to apply to ramjet-mode model, and verified in comparison to the experimental results.  The 
１４１ 
 
correlation between the PSW penetration length and pressure-rise was in agreement within 21% with 
experimental results in the half-diverging and diverging combustors.  The proposed PSW correlation 
could be effective in the fight Mach number range of 3 to 6.  In the limit, the PSW correlation would 
predict the PSW penetration length more shortly against a certain peak pressure in the cases with 1) the 
PSW penetrating more upstream and 2) the diverging angle being more than 5.0 degrees. 
Under using the PSW correlation and giving the combustion efficiency distribution deduced from 
experiments, the ramjet-mode model could predict the penetration length and the peak pressure within 
6.5%.  The resulting thrust prediction was in good agreement (within ±2.0%) with the experimental 
results. 
 
Base-Modeling for Combustion Efficiency Distribution in Streamwise Direction 
In chapter IV, combustion efficiency distribution in the streamwise direction was required to predict 
the flow states at the ramjet-mode operation in the diverging combustor with thermal choking location 
setting as arbitrary.  As the first step of developing the prediction method of the combustion efficiency 
distribution with various type of fuel, the c distribution base-model was proposed, which could predict 
the combustion efficiency distribution of H2 fuel in the flow field with negligible reaction delay.   
Although combustion efficiency distribution at downstream of the thermal choking location was over-
estimated in the half diverging combustor in some cases, the c distribution base-model could predict 
the combustion efficiency distributions within about 10% in the half-diverging combustor and the 
diverging combustor. 
Evaluations of the applicability of the c distribution base-model were conducted using data from 
literature.  Jet to airflow interactions including generation of separation due to blockage brought sizable 
error in the prediction of combustion efficiency around the fuel injector.  The c distribution base-
model could predict the combustion efficiency distribution in the diverging ducts with their angles 
between 1.55 and 3.1 degrees.  Also, the c distribution base-model could predict the combustion 
efficiency distribution in the combustors with their aspect ratios between 0.22 and 0.75.  However, 
there were some factors to cause deviation between the prediction and experiments such as change in 
divergence near injector and non 2D-like injector arrangement.  Different coefficients were required 
for different injection scheme other than the current hydrogen, sonic, perpendicular injection.   
Using the PSW correlation described in Chap. III and the c distribution base-model, the pressure 
distributions at the ramjet-mode operation with H2 injection at various streamwise locations in the half-
diverging combustor were predicted.  The predicted pressure distributions were in good agreement 
with the experimental results.  Thrust increment by combustion could be predicted within ±8%.  A 
10% discrepancy of combustion efficiency distribution would affect prediction accuracy of the PSW 
penetration length, of the peak pressure, and of the thrust increment by 20 %, 6 %, and 9%, respectively. 
 
Effects of Fuel Type on Combustion Efficiency Distribution  
In chapter V, prediction method of combustion efficiency distribution that could use for 
hydrocarbon fuel was proposed by modifying the combustion efficiency distribution base-model as 
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described in Chap. IV.  For understanding the effects of difference in fuel type on mixing, combustion 
test results in the 3.0-degrees diverging combustor with different types of hydrocarbon fuel (C2H4, and 
C2H4+CH4 mixture) were compared.  For understanding the effects of reaction delay on conversion of 
mixing efficiency to combustion efficiency, the reaction delay time was calculated.  
By modification of the mixing length with equivalence ratio of unity and the variation rate of 
mixing efficiency against equivalence ratio, the proposed modified prediction model (termed as the c 
distribution modified-model) could predict hydrogen and hydrocarbon fuel combustion efficiency 
distribution with error range of ±5% and ±10%, respectively.  It was noted that predicted distributions 
in the vicinity of the injector might suffer a larger error.  Also noted was that, sizable discrepancies 
between the predictions and the measurements were observed in some limited cases.  As the result of 
calculating the reaction delay time, the effect of reaction delay on combustion efficiency was small in 
not only the H2 fueled case, but also the hydrocarbon fueled case at the ramjet-mode operation by 
perpendicular injection. 
Using the ramjet-mode model (combining the PSW correlation and the c distribution modified-
model), the pressure distribution was predicted with hydrocarbon fuel.  The model could predict the 
thrust increment by combustion within 12% at the ramjet-mode operation in hydrocarbon-fueled case.  
Thrust was tended to be over-estimated because the c distribution model over-predicted combustion 
efficiency at downstream of the thermal choking location.  The PSW penetration length was predicted 
within about 15%.  For more accurate prediction for the pressure distribution and the thrust increment 
in the hydrocarbon-fueled case, more accurate prediction of combustion efficiency was required 
especially at the downstream of the thermal choking location. 
 
6.2 Recommendation 
In the H2 or hydrocarbon combustion tests with the 3.0 degrees half-diverging combustor, the 
combustion efficiency at downstream of the thermal choking location was lower than that in the case 
with 1.55 or 3.1 diverging combustor. In the case with half-diverging combustor case, the asymmetric 
flow would be formed.  However, the difference in the combustion efficiency distribution between 
half-diverging and diverging combustors could not be explained in this study.  A further investigation 
about the effect of the asymmetric combustor geometry on combustion efficiency is required for 





Thermal properties of Gases 
Table A.1 shows standard generated heat∆𝐻  [J/mol/K] and constant coefficients 𝑎0~6  for 
calculation for Specific heat at constant pressure. Specific heat at constant pressure Cp [J/mol/K] against 
temperature (T) is calculated by the following correlation[A-1], 







where T’ = T/1000 and Mw denotes molecular weight. Constant coefficients were different in 
temperature range because dependence of Cp on temperature was different between 2000 K. Therefore, 
we used the upper value of Table A.1 in 298.15𝐾 ≤ 𝑇 ≤ 2000𝐾, and the bottom value of Table A.1 




[A-1] Okajima, S. and Kohno, M. “Thermophysical value of ideal gas,” Engineering Thermodynamics 10th 





























































































































































































































































Analysis Method of Gas Components 
Here, we note the analysis method of gas components in cases with Ar injection into cold airflows, 
and with fuel (e.g. C2H4) injection into hot airflows. 
In the case with Ar injection into cold airflows, we could not detect Ar and O2 separately.  That 
was because thermal conductivities between Ar and O2 was so close that the gas chromatography 
mistook Ar and O2 for identical gas.  On the other hand, N2 and mixed gas (i.e., Ar and O2) were 
detected separately.  The ratio of N2 and O2 was as same as composition ratio in the atmosphere, so 





where 𝑋𝑁2 denotes N2 mole fraction, given by gas chromatography.  Therefore, Ar mole fraction 𝑋𝐴𝑟 
obtained  
𝑋𝐴𝑟 = 𝑋𝑚𝑖𝑥 − 𝑋𝑂2 (B.2) 
 In the case with C2H4 injection into hot airflows, we could detect the plural gas components (H2, 
O2, N2, CO, CO2, CH4, C2H4 and C2H6), but we could not detect H2O due to facility limit of gas 
chromatography.  The sampled gas should be included two types of water vapor with different origins; 
one was generated by H2 combustion for making hot flows, while another was generated by fuel 
combustion.  In the following, we distinguished the former and the latter denoted as ‘H2O_hot’ and 
‘H2O_f’, respectively.  We deduced each mole fraction of gas components (including H2O_hot and 
H2O_f) by the following method; 
1) The mole fraction ratios of H2O_hot by N2 () and O2 by N2 () in hot airflows was obtained from 
calculation for adiabatic flame temperature of hot flows. 
2) The mole fraction of H2O_hot (XH2O_hot) was deduced from  
𝑋𝐻2𝑂_ℎ𝑜𝑡 = 𝛼1𝑋𝑁2 (B.3) 
3) The mole fraction of reacted O2 (XO2,react)was deduced from 
𝑋𝑂2,𝑟𝑒𝑎𝑐𝑡 = 𝛼2𝑋𝑁2 − 𝑋𝑂2 (B.4) 
4) we assume that C2H4 were reacted with O2, then the detected hydrocarbons ( CO, CH4, CO2 and 
C2H6) , H2 and H2O_f were produced.  Here, chemical reaction formula could be described as  
𝑎𝐶2𝐻4 + 𝑏𝑂2 → 𝑐CO + dC𝑂2 + eC𝐻4 + f C2H6 + 𝑔𝐻2 + ℎ 𝐻2𝑂_𝑓 (B.5) 
where a to h were variable numbers. By balancing number of atoms( C, H and O) in Eq.(B.5), the 
following relations could be described; 
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2𝑎 = 𝑐 + d + e + 2f (B.6) 
4𝑎 = 4𝑒 + 6f + 2g + 2h (B.7) 
2𝑏 = 𝑐 + 2d + h (B.8) 




























 𝑏 (B.15) 
  Note that 𝑋𝐶2𝐻4_𝑟𝑒𝑎𝑐𝑡 was ‘reacted’ C2H4, which was not given by gas analysis. 
6) From Eq.(B.6)-(B.15), that is, ten variables(a~h, 𝑋𝐶2𝐻4_𝑟𝑒𝑎𝑐𝑡 and 𝑋𝐻2𝑂_𝑓) and ten equations, we 
deduced XH2O_f by  
𝑋𝐻2𝑂_𝑓 =
2𝑋𝑂2,𝑟𝑒𝑎𝑐𝑡(𝑋𝐶𝑂 + 𝑋𝐶𝐻4 − 𝑋𝐶𝑂2 − 𝑋𝐶2𝐻6 − 𝑋𝐻2)
2𝑋𝐶𝑂 + 3𝑋𝐶𝐻4 − 𝑋𝐶𝑂2 − 𝑋𝐶2𝐻6 − 𝑋𝐻2
 (B.16) 
7) From Eq.(B.3),(B.4) and (B.16), we finally deduced XH2O by 
𝑋𝐻2𝑂 = 𝛼1𝑋𝑁2 +
2(𝛼2𝑋𝑁2 − 𝑋𝑂2)(𝑋𝐶𝑂 + 𝑋𝐶𝐻4 − 𝑋𝐶𝑂2 − 𝑋𝐶2𝐻6 − 𝑋𝐻2)
2𝑋𝐶𝑂 + 3𝑋𝐶𝐻4 − 𝑋𝐶𝑂2 − 𝑋𝐶2𝐻6 − 𝑋𝐻2
 (B.17) 
8) H2O mole fraction in reacted gas components (i.e., H2O in products) 𝑋𝐻2𝑂, 𝑝 could be obtained by 
𝑋𝐻2𝑂,𝑝 =
{𝛼1𝑋𝑁2 +
2(𝛼2𝑋𝑁2 − 𝑋𝑂2)(𝑋𝐶𝑂 + 𝑋𝐶𝐻4 − 𝑋𝐶𝑂2 − 𝑋𝐶2𝐻6 − 𝑋𝐻2)






  where ∑𝑋𝑝 denotes the integrated value of both detected gas components (including ‘nonreacted’ 
C2H4) and 𝑋𝐻2𝑂 as  
∑𝑋𝑟 = 𝑋𝐻2 + 𝑋𝑂2 + 𝑋𝑁2 + 𝑋𝐶𝑂 + 𝑋𝐶𝑂2 + 𝑋𝐶𝐻4 + 𝑋𝐶2𝐻4 + 𝑋𝐶2𝐻6 + 𝑋𝐻2𝑂 (B.19) 
By changing H2O to the other gas components in (B.18), we could obtain each mole fraction of   
reacted gas components at the sampling point. 




𝑋𝑂2,𝑟𝑒𝑎𝑐𝑡(𝑋𝐶𝑂 + 𝑋𝐶𝐻4 + 𝑋𝐶𝑂2 + 2𝑋𝐶2𝐻6)
2𝑋𝐶𝑂 + 3𝑋𝐶𝐻4 − 𝑋𝐶𝑂2 − 𝑋𝐶2𝐻6 − 𝑋𝐻2
 (B.20) 
Therefore, C2H4 mole fraction in gas components before reaction (i.e., C2H4 in reactants) 𝑋𝐶2𝐻4,𝑟 could 
be obtained by 
𝑋𝐶2𝐻4,𝑟 =
{𝑋𝐶2𝐻4 +
(𝛼2𝑋𝑁2 − 𝑋𝑂2)(𝑋𝐶𝑂 + 𝑋𝐶𝐻4 + 𝑋𝐶𝑂2 + 2𝑋𝐶2𝐻6)







                  ∑𝑋𝑟 = 𝑋𝑂2 + 𝑋𝑁2 + 𝑋𝐶2𝐻4 + 𝑋𝐶2𝐻4_𝑟𝑒𝑎𝑐𝑡 + 𝑋𝐻2𝑂_ℎ𝑜𝑡 





By changing C2H4 to the other gas components in (B.22), each mole fraction in gas components before 









Fuel/Air Mixing in Reacting and Non-reacting Flows within a Dual-
Mode Combustor 
C.1 Introduction 
 As mentioned in Chap. I, choking location in the diverging section had a sizable impact on the 
specific impulse in ramjet-mode operation, that is, choking location should be controlled in accordance 
with flight Mach number.  The choking location depends on heat release distribution, which is related 
to mixing and reaction of fuel and airflow.  Thus, fuel and airflow mixing or reacting should be 
controlled to attain choking at targeted location.  For reaction control, possible idea is to set many 
flame-holders such as cavities aligned in the streamwise direction, however, this idea is not practical 
because the combustor could suffer severe weight penalty and cooling requirement.  Mixing control, 
on the other hand, sounds practical because injection schemes with different characteristics [C-1], and/or 
multi-staged injections [C-2] are available.  
 It is known that pseudo-shock wave system (PSW) occurs at upstream of the fuel injection location 
at ramjet-mode operation, and the dramatically changes fuel and air mixing characteristics compared 
with those in the scramjet-mode operation case [C-3].  Thus, mixing characteristics under the ramjet-
mode operation should be investigated with the presence of the PSW.  However, observation of mixing 
in reacting flows is hard to perform.  First problem is on the setup, i.e., reacting tests need facilities to 
heat up airflow for simulating enthalpy at the entrance of combustor in a real flight, making the 
experiments very costly.  Second problem is measurement, i.e., probes for gas sampling need to be 
cooled with limited size to avoid aerodynamic choking within the combustor for intrusive measurement.  
Optical measurements still have uncertainty as well as difficulty in optical access.  Observation of 
mixing in the non-reacting flows with room temperature air and inert gas, on the other hand, can mitigate 
these problems.  Furthermore, location and strength of the PSW in the ramjet-mode operation can be 
easily controlled by adjusting a mechanical valve in the downstream of the test section to attain targeted 
pressure-rise. However, fuel and air conditions are different between reacting and non-reacting tests 
even if the strength of pseudo-shock wave system is set to be identical. 
 The major challenge is to find a dominant parameter to match mixing characteristics between 
reacting and non-reacting flows under presence of pseudo-shock wave system.  Researches on air and 
fuel mixing had been conducted, and some parameters had been proposed as candidates of the dominant 
parameters of the mixing process.  Zakkay et al. reported that potential core decay of coaxial jets was 
affected by the mass flux ratio, while mass concentration decay of coaxial jets was not affected by the 
molecular weight of the injected gas [C-4].  Similarly, the effect of molecular weight on the injectant 
mass concentration decay was found to be small in the perpendicular injection case [C-5].  Diskin et 
al. proposed empirical equations of hydrogen mixing efficiency distribution with equivalence ratio as 
the dominant parameter [C-6, 7].  There are reports showing that fuel penetration would be related to 
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the dynamic pressure ratio from hydrogen-air mixing and combustion tests [C-8, 9].  The dynamic 
pressure ratio was also used as the dominant parameter of the injectant trajectory [C-10].  In researches 
for turbulent shear growth rate, velocity ratio and density ratio were found to be effective parameters 
[C-11, 12].  However, few studies comparing reacting tests with non-reacting tests were presented, and 
the dominant parameters for matching the mixing flow fields between reacting and non-reacting flows 
has not been proposed yet.  These parameters, in turn, would lead to further general expression of the 
empirical mixing model compared to these above-mentioned ones. 
 In this appendix, fuel was injected into high temperature airflows (reacting test) and inert gas was 
injected into room temperature airflows (non-reacting test) to compare mixing characteristics at a 
downstream of the perpendicular injector under presence of the PSW.  H2 or C2H4 was used as fuel in 
the reacting case, and He, N2 or Ar was used as simulated fuel for safety reason in the non-reacting case.  
To simulate the pressure-rise by heat release in the non-reacting case, back-pressure was attained by 
adjusting a mechanical valve opening.  Wall pressure distributions were measured in the streamwise 
direction to confirm that the strength of the PSW was close to each other in every test condition.  For 
evaluating mixing characteristics, fuel mass flux contours were deduced based on Pitot pressure 
measurement and gas sampling at the downstream of injector, and mixing and bulk combustion 
efficiency was evaluated with reference to the NASA’s definition [C-6] to convert inert gas mixing 
efficiency in non-reacting flows into fuel mixing efficiency in reacting flows.  However, mixing 
efficiency could not be evaluated in the case with inert gas injection because equivalence ratio was 
required to calculate mixing efficiency in the definition.  Therefore, this study also discussed about 
deducing inert gas mixing efficiency by assuming inert gas equivalence ratio, to make comparison of 
mixing efficiency between reacting and non-reacting flows feasible. 
 
C.2 Experimental Apparatus and Test Conditions 
 Schematic diagrams of the experimental apparatus in both reacting and non-reacting tests were 
shown in Fig. 2.3(a) and 2.6(a).  A right-hand system was used with the origin of the streamwise 
direction (x) at the injection location, that of the spanwise direction (y) at the combustor symmetry plane 
and that of the height direction (z) at the injector wall.  In the non-reacting tests, back-pressure was 
attained by adjusting a mechanical valve opening.  A settling chamber was added at upstream of the 
mechanical valve to relieve asymmetry of flow at the valve.  Sampling probes were settled at 25d 
downstream of the injector location, i.e., at the exit of combustor section, where injectant plume 
remained clearly even under presence of the pseudo-shock wave system [C-13].  Two-types of probes 
(non-cooled type and cooled type) shown in Figures 2.9(a) and 2.9(b) were used.  
 Airflow conditions were presented in Table C.1 and repeatability of total pressure and temperature 
was within 3.9 % and 5.6 %, respectively in all conditions.  Wall pressure distributions were measured 
on the injector-side wall and on the opposite-side wall in the streamwise direction, Pitot pressure was 
also measured.  The pressure measurement sensors were described in Chap. II  in detail.  Gas 
sampling was carried out only within the half cross-section after checking the symmetry at y = 0.  
Sampled gas was analyzed with a gas chromatography of thermal conductivity detector type, which 
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could detect various gases (H2, O2, N2, CO, CH4, CO2, C2H4, C2H6 and C3H8 could be detected in this 
study) with uncertainty of ±0.3 vol % for each component.  Local Mach number was calculated from 
local composition, Pitot pressure and nearest wall pressure assumed as static pressure.  Averaged 
mixing and combustion efficiencies were deduced at the cross-section of sampling location, the 
deduction method being described in section 2.2.6.   
 The test conditions were summarized in Table C.1.  All injectant gases were injected at room 
temperature.  Dynamic pressure ratio (J) and mass flux ratio () were deduced from injectant 
conditions at orifice and airflow condition at the facility nozzle exit as mere representative values.  As 
will be shown later, one-dimensionally assessed dynamic pressure of airflow passed through the pseudo-
shock wave system was almost identical in all cases, so that matching dynamic pressure based on the 
undisturbed airflow condition was equivalent to matching in based on airflow dynamic pressure after 
the compression by the PSW.  The convective Mach number (Mc) and the compressible shear growth 
rate (/x) were also presented as references.  Note that these parameters were for shear layer experiment 
as in Ref. C-11, while the injection scheme in the present study was the perpendicular ones.  Thus, 
dynamic pressure ratio and mass flux ratio were of the major concern in the present study.  Mass flux 
ratio was important parameter for matching injectant potential core decay, while dynamic pressure ratio 
was also important for fuel penetration and trajectory as well as orifice diameter.  In the present study, 
the test conditions matching both parameters at the same time between reacting and non-reacting tests 
were not available.  Therefore, the reacting and non-reacting tests were conducted under either 
identical dynamic pressure ratio or identical mass flux ratio. 
 At first, H2 mixing characteristics with identical dynamic pressure ratio to that in the previous non-
reacting mixing case [C-13] with He injection at J = 5.1, was targeted, but pressure-rise occurred by 
thermal choking had penetrated the facility nozzle.  Alternatively, the H2 reacting tests were conducted 
under identical mass flux ratio to that in the He case, and the C2H4 reacting tests were conducted under 
identical dynamic pressure ratio to that in the H2 case.  Then, the mixing flow field in the C2H4 reacting 
tests was simulated with argon non-reacting tests at identical dynamic pressure ratio or identical mass 
flux ratio.  
Table C.1 Test conditions 
Injectant Pt,a, MPa Tt,a, K Cd J   c1 /x 
H2 0.55 1845 0.90 2.5 2.8 0.48 1.04 0.010 
C2H4 0.54 2217 0.91 2.5 12.1 0.93 2.30 0.025 
He 1.0 282 0.85 5.1 3.0  1.07 0.018 
C2H4 0.54 2204 0.89 4.6 22.3 1.69 2.29 0.024 
Ar 0.98 287 0.83 5.1 9.5  1.93 0.019 
Ar 0.39 290 0.84 12.8 24.0  1.96 0.018 
H2 0.55 1834 0.91 1.7 1.9 0.34 1.04 0.011 
He 0.53 290 0.85 9.4 5.7  1.07 0.017 
N2 0.99 287 0.87 5.0 8.8  1.48 0.017 
Ar 0.54 278 0.84 9.6 17.5  1.95 0.019 
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C.3 Results and Discussions 
C.3.1 Comparison of Mixing Characteristics Between Reacting and Non-reacting Flow 
 Figure C.1 shows wall pressure distributions in the H2, C2H4, and He injection cases.  The wall 
pressure distributions were normalized with measured airflow total pressure to mitigate run-to-run 
deviation of test conditions.  In the H2 and C2H4 injection cases, pressure-rise penetration was observed 
in the upstream of the injector location.  The peak of pressure-rise was located at the injector location.  
These features indicated that the pseudo-shock wave system was generated by back-pressure due to 
thermal choking, and airflow decelerated to subsonic speed at the upstream of the fuel injector [C-14]. 
 In the He injection case, the back-pressure was attained by adjusting the mechanical valve settled 
at the downstream of sampling point.  The peak value corresponded reasonably well with that in the 
H2 injection case, while the penetration length of the pressure-rise was shorter than that in the H2 
injection case.  The reasons were that difference of the momentum thickness of the boundary layer, so 
that the PSW should be anchored by the wedges in the isolator section at x/d~ -150 in the He injection 
case. 
 Quasi-one-dimensional analysis (described in section 2.2.6) was used to evaluate the effect of 
pressure-rise penetration distance on dynamic pressure ratio and mass flux ratio.  Table C.2 
summarized dynamic pressure ratio and mass flux ratio deduced from measured wall pressure at the 
injection point calculated by quasi-one-dimensional analysis in the three injection cases.  The dynamic 
pressure ratio at the injection point in the H2 case was identical to that in the C2H4 injection case, while 
the deduced mass flux ratio at the injection point in the H2 injection case was almost identical to that in 
the He injection case.  These results indicated that the condition with identical dynamic pressure ratio 
or identical mass flux ratio would be preserved to the injection point under identical pressure-rise. 
 Figures C.2(a), C.2(b), and C.2(c) show deduced injectant mass flux contours in the H2, C2H4 and 
He injection cases.  Each contour only shows the half cross-section at x/d = 25 and dots denote 
sampling points.  Arrows on the y-axis show the spanwise locations of the injection orifices.  The 
mass flux contours were normalized with the averaged value of injectant mass flux (Gave), which was 
defined as detected total injectant mass flow rate divided by the cross-sectional area, for fair comparison 
of contours for different injectant.  In the H2 injection case shown in Fig. C.2(a), the injectant plume 
spread in the spanwise direction.  The plume near the sidewall (y/d = 13.3) diffused in the height 
direction more than the plume near the symmetry plane (y/d = 0).  The high mass flux region over 2.0 
was not observed near the sidewall, while observed at z/d = 5.2 near the symmetry plane.  These trends 
agreed with the C2H4 mass flux contour in Fig. C.2(b), though the high mass flux region near the 
symmetry plane was closer to the injection-side wall than that in the H2 injection case.  In contrast, the 
He mass flux contour in Fig. C.2(c) was different from that in the H2 injection case.  The high mass 
flux region over 2.0 existed more extensively.  For the plume near the sidewall at y/d = 13.3, a steep 
gradient of mass flux was observed and the vertical diffusion was suppressed below z/d = 12, showing 
the high concentration region of the plume remained compared to that in the H2 injection case.  
 Figure C.3 shows wall pressure distributions in the C2H4 injection case, the Ar injection case under 
identical dynamic pressure ratio (denoted as ‘Ar-case1’), and the Ar injection case under identical mass 
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flux ratio (denoted as ‘Ar-case2’).  As with Fig. C.1, the PSW was observed at the upstream of the 
injector in the C2H4 injection case.  In the Ar-case2, throttling effect by the perpendicular injection 
induced pressure-rise as well as mechanical throttling.  The peak value of pressure-rise was almost 
identical in all cases.  Table C.2 summarized dynamic pressure ratio and mass flux ratio from injectant 
and airflow states at the injection point calculated by the quasi-one-dimensional analysis as mentioned 
above.  Conditions with identical dynamic pressure ratio in the C2H4 injection and Ar-case1, and 
identical mass flux ratio in the C2H4 injection and Ar-case2 were preserved though the penetration length 
was sizably different.  
  Figures C.4(a), C.4(b), and C.4(c) show deduced normalized injectant mass flux contours in the C2H4 
injection case, Ar-case1 and Ar-case2, respectively.  In spite of identical dynamic pressure ratio for the 
C2H4 injection and Ar-case1, mass flux contours were different from each other; the region of high mass 
flux over 2.0 was not observed in the C2H4 injection case as shown in Fig. C.4(a), while the region of 
high mass flux existed at z/d ~ 6 in the Ar-case1 as shown in Fig. C.4(b).  Conversely, with identical 
mass flux ratio to the C2H4 injection case as shown in Fig. C.4(c), the high mass flux region of the plume 
near the symmetry plane penetrated higher than that in the C2H4 injection case.  Plume diffusion to the 
height direction of Ar at y/d = 10 and 13.3 was slower than to that of C2H4 with wide spreading to the 
height direction as shown in Fig. C.4(a).  
 Comparison of mass flux contours shown in Fig. C.2 showed that injectant mass flux contours in 
the cross-section was similar between the H2 injection case and C2H4 injection case under identical 
dynamic pressure ratio.  This trend was also observed in the comparison of injectant mass flux contours 
between the He injection case and the Ar injection case (i.e., the comparison between non-reacting and 
non-reacting cases) under identical dynamic pressure ratio in the previous study [C-13].  However, as 
shown in Fig. C.4, matching dynamic pressure ratio between C2H4 injection and Ar injection was 
insufficient to simulate injectant mass flux contours in the cross-section.  These results indicated that 
heat release effects on local mixing were not negligible even with identical dynamic pressure ratio 
between reacting and non-reacting flows.  Mahle et al. investigated the heat release effect on the 
compressible mixing layers by Direct Numerical Simulation (DNS), reporting turbulent kinetic energy 
and Reynolds shear stress were reduced by heat release due to decrease in the mean density around the 
flame sheet at convective Mach number between 0.15 to 1.1 [C-15].  Pouransari et al. indicated heat 
release had damping effect on velocity fluctuation by DNS in turbulent reacting wall-jet flows [C-16].  
They also reported that fine-scale structures of turbulence were damped, and the vortices became larger 
due to heat release, the peak location of kinetic energy shifting to the wall on the injection-side [C-16].  
In the present study, pressure-rise by heat release was simulated by giving back-pressure in the inert gas 
mixing tests, but density and temperature changes due to heat release, i.e., changing kinetic energy and 
shear stress, could not be simulated in the non-reacting flows.  Change in vortex center position and 
vortex strengths, which were induced by changing turbulent kinetic energy due to heat release, would 
affect the injectant plume, although it was unknown to what extent did the vortices affect the mixing 
characteristics in the present measurements.  Also, how heat release affected evaluation of mixing 
efficiency (i.e., evaluation of bulk-averaged mixing in the cross-section) was still unknown. 
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 Major concern in the present study was the possibility to predict heat release distribution at the 
ramjet-mode operation by converting results of inert gas and air mixing tests into reacting cases, i.e., 
prediction of the combustion efficiency in the reacting flows by converting mixing efficiency in non-
reacting flows.  For this purpose, there were some technical challenges, and correlation between 
combustion efficiency and mixing efficiency in the reacting flows being one of them, so that, combustion 
efficiency and mixing efficiency in the H2 injection and C2H4 injection cases were compared.  Another 
challenge was conversion of inert gas mixing efficiency in non-reacting tests into fuel mixing efficiency 
in reacting tests, where inert gas equivalence ratio was required for deducing inert gas mixing efficiency.  
Here it was assumed that inert gas equivalence ratio would be equal to H2 or C2H4 equivalence ratio 1) 
under identical dynamic pressure ratio or 2) under identical mass flux ratio.  Then, which assumption 
was more appropriate for comparing between reacting and non-reacting mixing characteristics, was 
discussed.  After that, the above mentioned heat release effects on mixing efficiency was evaluated by 





Figure C.1 Wall pressure distributions in the H2, C2H4 and He injection cases. 
 
 
Table C.2 Dynamic pressure ratio and mass flux ratio at the injection point 
Injectant J  
H2 7.6 2.8 
C2H4 7.6 12.1 






a) H2 (J = 2.5, = 2.8) 
 
b) C2H4 (J = 2.5, = 12.1) 
 
c) He (J = 5.1, = 3.0) 






Fig. C.3 Wall pressure distributions in C2H4 injection, Ar injection under identical J (Ar-case1), and 









Table C.3 Dynamic pressure ratio and mass flux ratio at the injection point 
Injectant J  
C2H4 15.2 22.3 
Ar (case1) 16.6 9.5 







a) C2H4 (J = 4.6, = 22.3) 
 
b) Ar-case1 (J = 5.1, = 9.5) 
 
c) Ar-case2 (J = 12.8, = 24.0) 
 
Fig. C.4 Deduced injectant mass flux contours normalized by the averaged mass flux. 
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C.3.2 Evaluation of Combustion Efficiency and Mixing Efficiency in Reacting Flows and   
Conversion Inert Gas Mixing efficiency into Fuel Mixing Efficiency 
 In this section, the relationship between combustion efficiency (c) and averaged mixing efficiency 
(am) in reacting flows was examined.  Figure C.5 shows averaged mixing efficiency and combustion 
efficiency for the H2 and C2H4 reacting tests against dynamic pressure ratio at x/d = 25.  Note that O2-
based evaluation (described in section 2.2.5) was used in the C2H4 case.  Open circles show averaged 
mixing efficiency and closed circles show combustion efficiency in the H2 injection case.  Open and 
closed triangles show averaged mixing and combustion efficiencies in the C2H4 injection case, 
respectively.  In Fig. C.5, averaged mixing efficiency was not equal to bulk combustion efficiency.  
Fine-scale mixing at the molecular level was required to cause combustion.  Thus, deduced combustion 
efficiency was equal to ‘fine-scale mixing efficiency’ in the hydrogen injection case as fast chemistry 
was expected.  In contrast, averaged mixing efficiency was deduced based on time and spatially 
averaged sampled gas in the present study.  Thus, the deduced (averaged) mixing efficiency was 
different from ‘fine-scale’ mixing efficiency.  In general, it takes more time for fine-scale mixing, so 
that ‘spatial- and time-averaged’ ‘bulk’ mixing efficiency should be higher than ‘fine-scale’ mixing 
efficiency.  Thus, one should note that over-estimation could occur in averaged mixing efficiency. 
 In the H2 injection case, mixing efficiency decreased in proportion to the dynamic pressure ratio 
and the ratio of combustion efficiency to averaged mixing efficiency was almost constant regardless of 
the dynamic pressure ratio at J of 1.7 and 2.5.  This result showed bulk combustion efficiency could 
be predicted from averaged mixing efficiency.  Mitani et al. reported so-termed intensive combustion, 
which could deliver the large thrust of the scramjet engine at Mach 6 flight condition, was under mixing-
controlled condition, where local combustion efficiency was minimum at local equivalence ratio of unity 
[C-17].  On the other hand, they also reported that so-termed weak combustion without major pressure-
rise was under reaction-controlled condition, where local combustion efficiency was scattered against 
the local equivalence ratio [C-17].  Figure C.6 shows a correlation between local equivalence ratio and 
local combustion efficiency in the H2 injection tests, in which open and closed circles were data at J = 
1.7 and 2.5, respectively.  Though some data with poor combustion efficiency was observed in J = 2.5, 
the mixing-controlled feature could be seen in the H2 injection case. 
 In the C2H4 injection case, the bulk combustion efficiency decreased against dynamic pressure ratio, 
while averaged mixing efficiency increased at equivalence ratio more than unity.  This difference in 
tendency might be caused by chemical reaction, i.e., reduced mixture temperature at high equivalence 
ratio should be result in longer reaction delay in the C2H4 injection case.  Table C.4 summarized 
reaction delay time and the ratio of bulk combustion efficiency to mixing efficiency (c /am) in H2 and 
C2H4 injection cases shown in Fig. C.6.  The reaction delay time, which was defined as the time the 
time required to raise the temperature from 5% to 95% [C-18], was calculated by Chemkin-II software 
[C-19].  Flow properties at the injection location were estimated by quasi-one-dimensional analysis, 
and obtained mole fraction of air and fuel mixture gas (assumed complete mixing), pressure, and 
temperature were used as input parameter for calculating the reaction delay time.  The reaction delay 
time was normalized by the time-of-arrival at the sampling location (25d/V).  
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 At J =2.5, reaction delay time of C2H4 was almost identical to that of H2, while it was longer than 
that of H2 at J = 4.6.  Ratio of bulk combustion efficiency to averaged mixing efficiency  (c /am)  
increased with decreasing the reaction delay time, showing that reaction delay affected the relation 
between combustion efficiency and mixing efficiency.  In the present study, quantitative evaluation of 
reaction delay effect was difficult because the reaction delay time could not be separated from time 
required for fine-scale mixing.  
 As shown in Fig. C.2, injectant mass flux contours in the cross-section were similar between the 
H2 and C2H4 injection cases under identical dynamic pressure ratio.  However, H2 and C2H4 mixing 
efficiency did not match at J = 2.5 in Fig. C.5.  With identical mass flux ratio, equivalence ratio, and 
consequently mixing efficiency, differs by injectant.  Conversely, there is a possibility to convert 
injectant mixing efficiency into another injectant mixing efficiency by converting equivalence ratio.  In 
the present study, an attempt was made to convert inert gas mixing efficiency into H2 or C2H4 mixing 
efficiency by assuming inert gas equivalence ratio, by comparing mixing efficiency in reacting flows 
and non-reacting flows. 
  At first, inert gas equivalence ratio (ϕ
i
) was defined using following equation;  








Where C was defined as a constant coefficient for converting injectant into H2 or C2H4.  Next, it was 
assumed that inert gas equivalence ratio would be equal to fuel equivalence ratio if dynamic pressure 
ratio in non-reacting flows was equal to that in reacting flows (denoted as ‘J-based assumption’).  For 






  (C.2) 
where injector orifice diameter and airflow path cross-sectional area was identical between the He and 
H2 injection cases.  By equating He equivalence ratio (ϕHe) to H2 equivalence ratio (ϕ𝐻2), the constant 






























where C was the ratio of O2 mass fraction between cold and hot airflows, which was almost unity in the 
present study.  Velocity of He and H2 jets was derived at the injector orifice conditions, while velocity 
of cold and hot airflows was derived from the conditions at the injector locations calculated by quasi-
one-dimensional analysis.  Constant C for different inert gas and fuel types could be obtained in the 
same way.  
 Another assumption was that inert gas equivalence ratio was equal to equivalence ratio if mass flux 
ratio in non-reacting flows was equal to that in reacting flows (denoted as ‘-based assumption’).  To 
１５９ 
 






  (C.4) 








Finally, inert gas mixing efficiency was deduced from Eq. (2) and regarded as ‘converted’ fuel mixing 
efficiency. 
 Figure C.7(a) shows converted H2 mixing efficiency against converted total equivalence ratio with 
present data under the J-based assumption.  Note that the PSW observed in all cases.  The dashed line 
was obtained from Ref. C-6, where H2 was injected from one perpendicular orifice. H2 mixing efficiency 
at  < 0.48 was higher than that in Ref. C-6, because of over-estimation of the present averaged mixing 
efficiency by ignoring ‘fine-scale’ mixing.  In addition, there was difference in combustor geometry in 
terms of the cross-sectional aspect ratio (the ratio of duct height to injector orifice spacing) of fuel 
diffusing area per one injector.  In Ref. C-6, the cross-sectional aspect ratio was about 0.5, while that 
was 1.9 at the outer injector and 2.6 at the inner injector in this study.  Tomioka et al. indicated that the 
cross-sectional aspect ratio had sizable effects on mixing characteristics through interaction of injectant 
plume with wall and neighboring jet [C-20].  Although it remained uncertain what was the effect of 
the cross-sectional aspect ratio on mixing efficiency, mixing efficiency distribution should be 
qualitatively consistent. 
 In, Fig.C.7(a), the discrepancy of mixing efficiency between H2 and C2H4 (converted into H2) were 
4.7 % at ~ 0.48.  Moreover, the decreasing rate of converted mixing efficiency against equivalence 
ratio was similar to that of H2 mixing efficiency, this trend being in good agreement with Ref. C-6 at 
 <1.  Although the test data for the H2 injection case at  > 0.48 could not be obtained due to facility 
nozzle unstart in the present study, increasing rate of mixing efficiency converted from the inert gas 
mixing against equivalence ratio was also in good agreement with Ref. C-6 at 1<  <2.5. 
 Figure C.7(b) shows plots of converted mixing efficiency against converted equivalence ratio with 
the -based assumption.  Converted mixing efficiency in the He injection case had a good correlation 
to H2 mixing efficiency at  ~ 0.48 within 5 %.  However, in the region of  > 1, mixing efficiencies 
converted from inert gas and C2H4 injection data scattered.  These results suggested that the J-based 
assumption was more appropriate for converting inert gas mixing efficiency into H2 mixing efficiency. 
 To evaluate heat release effect on averaged mixing efficiency, the following three cases were 
compared, i.e., C2H4 mixing efficiency as measured, C2H4 mixing efficiency converted from Ar non-
reacting data by J-based assumption, and that converted from H2 reacting data by J-based assumption.  
Figure C.8 shows C2H4 mixing efficiency against equivalence ratio under J-based assumption.  Mixing 
efficiency converted from H2 data was 4.7% lower than measured mixing efficiency at  ~0.9.  On the 
other hand, mixing efficiency converted from Ar data was 1.0% lower than measured mixing efficiency 
at  ~1.7, the deviation being within the error of mixing efficiency shown in the figure.  Thus, 
converted mixing efficiencies were in good agreement with that of measured mixing efficiency within 
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an error of few % at 0.9 <  < 1.7.  These results suggested that the effect of heat release on bulk mixing 
efficiency was small.  Thus, C2H4 bulk mixing efficiency could be predicted within the error of few % 
from Ar mixing results under identical dynamic pressure ratio and identical value of peak pressure. 
 
 





Fig. C.6 Local equivalence ratio vs local combustion efficiency in the H2 reacting case.  
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Table C.4 Normalized reaction delay time and ratio of combustion efficiency to mixing efficiency  
Injectant J   ps , kPa T , K V, m/s tr 𝜂𝑐/𝜂𝑚  
(exp.) 
H2 
1.7 129 1383 676 0.127 0.738 
2.5 168 1370 545 0.064 0.703 
C2H4 
2.5 168 1766 530 0.132 0.613 
4.6 183 1629 477 1.528 0.453 
 
 
Fig. C.7 Plot of mixing efficiency vs total equivalence ratio converted into a) H2 under J-based 









 To understand the dominant parameters to match mixing characteristics between reacting and non-
reacting flows in dual-mode combustors, fuel (H2 and C2H4) were injected into the high temperature 
airflow, while inert gas (He, N2 and Ar) as simulant fuel were injected into the room temperature flow, 
both under presence of pseudo-shock wave system, with the mechanical throttling in the latter case.  
Both dynamic pressure ratio and mass flux ratio were of major candidates as the mixing parameter, so 
that fuel or inert gas was injected at identical dynamic pressure ratio or mass flux ratio.  The normalized 
injectant mass flux contours were similar between the H2 injection and C2H4 injection cases under 
identical dynamic pressure ratio.  On the other hand, they did not match between the C2H4 injection 
and Ar injection cases under identical dynamic pressure ratio.  Heat release effects on local mixing 
were not ignorable under identical dynamic pressure ratio between the reacting and non-reacting flows. 
 In an attempt to predict mixing efficiency in the reacting flows from that in the non-reacting flows, 
the latter was converted to the former with assumptions that injectant equivalence ratio was equal to that 
of fuel under identical dynamic pressure ratio (J-based assumption) or identical mass flux ratio (-based 
assumption).  
  Comparison of measured H2 mixing efficiency with converted one from inert gas mixing results 
showed that the J-based assumption was more appropriate for the conversion.  Comparison of 
measured C2H4 mixing efficiency with converted one under J-based assumption showed that heat release 
effect on bulk-scale mixing efficiency was small.  In the present study, mixing efficiency in the C2H4 
reacting case with equivalence ratio of 1.7 could be predicted within an error of few % from Ar mixing 
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